a pac University of Cyprus @E@ﬁ
. LXK

Since Approximation Theory is already
there...
Bring Potential Theory to Operator Theory!

Nikos Stylianopoulos
University of Cyprus

International Conference on Orthogonal Polynomials and
Holomorphic Dynamics
Copenhagen, Denmark
August 14—17 2018

Approximation Theory Operator Theory



N

[2] DA University of Cyprus

Lebesgue spaces and Orthonormal Polynomials

Let i be a finite positive Borel measure having compact and infinite

support | S,, := supp(p) | in the complex plane C. Then, the measure

yields the Lebesgue spaces L?(y) with inner product

(t.9) = [ (2@ u(z)

and norm
Il iz = (f. £))/2.

Let {pn(p, 2)}32, denote the sequence of orthonormal polynomials
associated with u. That is, the unique sequence of the form

pn(ﬂ)az):'}/n(ﬂz)zn*"”v ’}/n(/“[')>07 n:O71a27"'7

satisfying (pm(x,-), Pa(tts ) = m,n-
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Distribution of zeros: The tools

For any polynomial g,(z), of degree n, we denote by v, the
normalized counting measure for the zeros of q,(z); that is,

Vg, ::% Z Oz,

gn(2)=0

where ¢, is the unit point mass (Dirac delta) at the point z.
For any measure . with compact support in C,

U*(z) ::/Iog |z1_t|du(t), zeC.

denotes the logarithmic potential on . In particular, if g, is monic,

then
1 1

—log ——,
n 9 [ga(2)|
With ux we denote the equilibrium measure of a compact set K of
positive logarithmic capacity.

U'n(z) = zeC.
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Potential Theory: Five theorems

Theorem (Generalized Minimum Principle)

Let G € C be a domain and h a superharmonic function on G that is
bounded from below and for which

limsup h(z) > m,
z—(,zeG

is satisfied for quasi-every ( € 0G. Then,
h(z) >m, zeQG,

unless h is constant.

Saff & Totik, Logarithmic Potentials, Springer, 1997.
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Potential Theory: Five theorems

Theorem (Principle of Descent)

Letun, n=1, 2, ..., be probability measures, supported on the same
compact subset of C, such that

Mnéﬂ-

Suppose that for each n, a point z, is given so that z, — z, for some
z € C. Then,

U (2) < liminf U (zp).

n—oo

We say that i, — p, if

/fdun—>/fdu, n— oo,

for every function f continuous on C.
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Potential Theory: Five theorems

Theorem (Lower Envelope Theorem)

Letun, n=1,2, ..., be a sequence of positive unit Borel measures,
supported on the same compact subset of C, such that

MnL)/vL-

Then,
liminf Ut (2) = U*(2),

n—oo

for quasi-every z € C.
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Potential Theory: Five theorems

Theorem (Unicity Theorem)
Suppose that the positive measures ;. and v have compact support
and in a region D C C the potentials U¥ and U* satisfy

U*(2) = U"(2) + u(2),

almost everywhere with respect to two-dimensional Lebesgue
measure, where the function u is harmonic in D. Then, in D the
measures i, and v coincide.
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Potential Theory: Five theorems

Theorem (Carleson’s Unicity Theorem)

Let K be a compact set of positive capacity, and let Q2 denote the
unbounded component of C\ K. If u and v are two unit measures
supported on 912, and if the potentials U* and U* coincide in Q, then
n=v.

Approximation Theory Operator Theory Orthonormal  Tools Theorems Bergman



R e
[9] fac University of Cyprus @
- LXK

Bergman polynomials {p,} on an Jordan domain G

— 9 —=A
@W‘

F::@G Q=C\G

(F.9) = /G H(2)9@)0Az),  IFliee = (F. B2

The Bergman polynomials {p,} 2, of G are the orthonormal
polynomials w.r.t. the area measure on G:

(Dm. Pa) = /G P(2)Pa(Z)0A(2) = Gim,

with
ﬁ)n(z):)\nzn"_"‘7 )\n>0, n:0,1727....
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Example: G is the canonical pentagon

wwwww ar 5-gon

Theorem (Levin, Saff & St., Constr. Approx. 2003)

Let ¢ be a conformal map of G onto the unit disk D. Then, there is a
subsequence N of N such that

*
Vo, —> fir, N—o00, NeWN,

if and only if ¢ cannot be analytically continued to some open set
containing G.
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Key results

The above theorem is based on the following facts:
e The area measure on G belongs to the class rReg, that is,

1
lim pall " =

e The kernel K(z,¢), of the Bergman space L2(G) satisfies,
4 g) = an(opn(z)a ZaC € Ga

and is is related to a normalized conformal map ¢, : G — D,
©c(€)=10,¢ € G, by

1
K(z.Q) = —¢ ()¢ (2)-
An application of Walsh’s maximal convergence then yields

limsup |pa(O)[V" =1, neWN,
n—oo

and the result then follows from Theorem 111.4.1 in Saff and Totik.
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The two intersecting circles

Theorem (Saff & St, JAT 2015)
If the boundary I' of G contains an inward corner point, then

*
Up, — fr, N—o00, NEeEN,

where ur denotes the equilibrium measure onT.

Based on Gardiner and Pommerenke, Constr, Approx, 2002.
The reluctance of the zeros to approach the points +/, is due to the

fact that’ dur(z) = |9'(2)|ds ‘ where s denotes the arclength on T.
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The circular sector

0.6+

0.44

0.2 04 0.6 } 08

-0.2+4
-0.4+

-0.6

Figure: Zeros of pn, n = 50, 100, 150, for the circular sector with opening
angle 7 /2.
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Explanation

Theorem (Mina-Diaz, Saff & St., CMFT 2005)
Let E +# () be a compact subset of C such that both C \ E and

E .= int(E) are connected. Let g : C \ E - T be such that gis

analytic in C \ E, |g| is continuous and never zero in C \ E, g(o0) = 0
and g'(o0) = 1. Let {gn}:2, be a sequence of monic polynomials of
respective degrees n = 1,2, ..., such that oo is not an accumulation
point of the set of zeros of the qn’s. Further, assume that

limsup|gn(2)|"/" < |g(z)] qe zedE.

n—oo
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Theorem (Mina-Diaz, Saff & St., CMFT 2005, cont.)

Then, any measure o that is a weak™-limit point of the sequence
{vg,}72 1 s supported on E and

U°(z) = loglg(z)|~' VzeC\E. (1)

Moreover, there is a unique measure g supported on OE such that
(1) holds with o = ng. For such a measure, we have

(a) if E =0, then Vg, — fig @S N — 00;

(b) if E =+ () and for some zy € E and a subsequence N' C N

lim_|gn(20)|"/" = e~ V"),
n—oo
neN

then

: N
Vg, — g @S N—oo, neN.
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Used in the proof

Observe that the assumption of the theorem is equivalent to

liminf U (2) > log|g(2)|”' qg.e. zecdE. )

n—oo

Let o be a weak*-limit point of the sequence {vq,} X, so that for
some subsequence N’ C N

*
Vg, —> 0 as nN—oo, neN.

Then o is a probability measure and by (2) and the Lower Envelope
Theorem, we have for g.e. z € JE,

Us(z) = Iinrlinf Urn(z) > Iinnlinf Uvan(2) > log|g(2)|~". (3)

neN
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Used in the proof

By the assumptions on g, the function
F?(z):=U?(2) ~loglg(2) "', zeC\E,

is superharmonic and lower bounded in C \ E, harmonic and equal to

zero at oo, and in view of (3) and the lower semicontinuity of U°, it

also satisfies for quasi-every z/ € OE

liminfF°(z) > liminf U°(z)— lim log|g(z)|~' > U°(2')—log|g(z)|~" > 0.
z—z'

z—Zz' z—Zz'
zeC\E zeC\E

Then, by the generalized minimum principle for superharmonic
functions we conclude that F¢ = 0, which implies that (1) holds in
C\ E. It also implies that U is harmonic in C \ E and therefore, in
view of the Unicity Theorem supp(c) must be contained in E.

It is a direct consequence of Carleson’s Unicity Theorem that there
can be at most one measure pg supported on JE that satisfies (1)
with o = pg.
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Bergman polynomials on an archipelago

e_N

M, j=1,...,N, asystem of disjoint and mutually exterior Jordan

curves in C, | Gy := int(T)) |, [T := UYL T, || G:= UX, G|

(f.9)a = /G H(2)9@)dA2).  |Iflie = (O

The Bergman polynomials {p,}7°, of G are the unique orthonormal
polynomials w.r.t. the area measure on G:

(D Pr) s = /G P 2)P(Z)dAZ) = b,

with
pn(z):Anzn‘i’"', )\n>0, n:0,1,2,....
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Three-disks

Zeros of the Bergman polynomials py49, p150 and pieo.

|
e s 9P

Theory in: Gustafsson, Putinar, Saff & St, Adv. Math., 2009.
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The basic tool for the distribution of zeros

Approximation Theory Operator Theory

Q:=C\G.

K(z,¢): the Bergman (reproducing) kernel function of L2(G).
Lr:={z: ga(z,00) = log R} the level lines of the Green function.
o(¢) :==sup{R : K(z,¢) has an analytic continuation inside Lg}.

]
= —Ah
b or

hz):= (nlz) 2 €
—logo(z), ze€G,

, in the sense of distributions.

vp,: the normalized counting measure of zeros of pj,.
o (: the set of weak-star cluster points of the counting measures

{vp,}n2qs e

, the set of measures o for which there exists a

subsequence N, C N such that v,, — o, as n — oo, n € A.
o ur: the equilibrium measure on the boundary T'.
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The basic result for the distribution of zeros

Theorem (Gustafsson, Putinar, Saff & St, Advances in Math, 2009)

(i) 8 is a positive unit measure with support contained in G.
(iiy The balayage of 5 onto I' gives the equilibrium measure ur:

UP > U jn C,
U = Uk in Q.

(ii) C is nonempty, and for any o € C,

Uus>U°f incC,
U° = U? in the unbounded component of C \ suppp.

(iv) The measure j3 is the lower envelope of C: UP = Isc(inf,cc U7).

(v) IfC has only one element, then this is § and
Vp, — B, Nn—o00, NEN.
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Bergman polynomials on archipelago with lakes

With K is a compact subset of G, set| G* := G\ K |and consider
(.9 = | @M. [l = F.0E

The Bergman polynomials {pj,}3°, of G* are the unique orthonormal
polynomials w.r.t. the area measure on G*:

Opiler = [ PH(2IPIZIOAE) = i,

with
py(z)=~;2"+---, 45>0, n=0,1,2,....
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The annular case

Plots of the zeros of p}(z), for n = 120, 140 and 160.

LetG=D,K:={z:|z—a <o}, |al+o<1,0>0,G"' =D\ K,
We recall that there exists a unique pair of points z; and z, that are
mutually inverse points with respect to the two circles T := 9D and
{z:|z - a| = o}, thatis

z21Zz=1 and (z1 —a)(z —a) = ¢°.

Let z; denote the point that lies in K (2, will then lie outside D).
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The annular case: Explanation

Proposition (Saff & St, Mat. Sbornik, 2018)

With the above notation, there exists a subsequence N C N such that
the normalized zero counting measures for pj(z) satisfy

*
Vpr —> Wz|, N— 00, NEWN,

where 11, denotes the normalized arclength measure on the circle
12| = |z1]-

Thus, no matter what the relative position of K, a weak limit of v, will
invariably be the arclength measure on a specific circle in D, always
centered at the origin.
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Let N, denote the shift operator on L2(). That is,
Ny : L2(p) — L2(n)  with  N,f = zf.
N, defines a normal operator on L?(y). Furthermore,
Pn(, 2) = Ap(p) det(z — mpNymp),

where 7, is the projection onto the n-dimensional subspace onto
]P)n71 .

Theorem (B. Simon, Duke Math. J., 2009)
Let

N(p) :=sup{|z| : z€ S, }.
Then, for any k € N,

7rnNan - (7TnNz7Tn)ka

is an operator of rank at most k and norm at most 2N(p.)*.
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Let i, denote the unit measures du, = 15 27:_01 lon(11, 2)|2du(2).

Theorem (B. Simon, Duke Math. J., 2009)

1
ETr(ﬂ'nNzﬂ'n)k = /deVpn-

% Tr(mn Nﬁw,,)

Thus, from the previous theorem, forany k = 0,1,2,.. .,

‘/deypn —/de,u,,

Furthermore, if K is a compact set containing the supports of all vy,
and p, such that {zx}32 o U {Zk}32, are || - ||« -total in C(K), then for

any subsequence {n;},

*
My —> V

= /de/,tn.

<
n

2kNK

(1)

if and only if

*
[Ln].‘)l/.

Approximation Theory Operator Theory
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Krylov subspaces

Let A € £L(H) be a linear bounded operator acting on the complex
Hilbert space H and let £ € H be a non-zero vector. We denote
Ha(A, ¢) the linear span of the vectors ¢, A¢, ..., A" ¢ and let 7, be
the orthogonal projection of H onto H,(A, ). Let a, denote the
counting measures of the spectra of the finite central truncations
A, = mpAm,. Note that for any complex polynomial p(z) it holds that

/ p(2)dan(z) = TPA).

n

The orthogonal monic polynomials P, in this case are defined as
minimizers of the functional (semi-norm):

lallz.e = lq(A)XI?, q € Clz],

and the zeros of P, (whenever P, exists) coincide with the spectrum
of Ap.

Approximation Theory Operator Theory Shift



.
[28] Dae University of Cyprus &E@ o
LXK

Theorem (Gustafsson & Putinar, Springer 2017)

Let A, B € L(H) with A— B of finite trace: A— B € C1(H). Then for
every polynomial p € C[z] we have

im T(P(An) — TH(p(B,))

n—oo n

=0.

Corollary

Let a,, b, denote the counting measures of the spectra of A, and B,
respectively. Then,

i [/ da,, abn(Q)) _

n—oo C—Z

uniformly on compact subsets which are disjoint of the convex hull of
o(A)Ua(B).

Approximation Theory Operator Theory Shift



R ld
[29] fac University of Cyprus @
- LXK

Conclusion

All the results in this section yield information for the analytic
moments:

lim /zkdun:/z"dm k=0,1,2,...,

n—oo

where v is a known positive measure and {v,} are a sequence of
positive measures (all supported on the same compact set K in the
complex plane) we want to describe its weak limit points. Note that
the measures being positive implies the same information for the
anti-analytic moments:

lim /Ekdyn:/fkdu, k=1,2,....
n—oo
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Conclusion

However, according to the complex Stone-Weierstrass theorem, in
order to establish
Vn N v,

we need the limits of all the complex moments

n—oo

lim /z"?jdun:/zk?jdu, k,j=0,1,2,...,

unless K is of a special form (Mergelyan, Walsh), where the analytic
moments constitute sufficient information.
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