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Chapter 1
Introduction

In this thesis we present two approaches for the solution of Inverse Prob-
lems, the Classical and the Bayesian. Inverse Problems are introduced in
Section 1.1. As a guide to our exposition we use a particular problem, the
”Laplacian-like” inverse problem, which is defined in Section 1.2 and which

simplifies the theory, enabling us to built intuition on the subject.

In Chapter 2 we give a brief presentation of the Classical Approach to
Inverse Problems. The majority of the theory presented in this chapter
is taken from [5], but is supplemented by material from [22] and [16].
In order to keep the presentation concise and simple, the proofs of the
theorems presented in this chapter are our simplified versions of the proofs
presented in [5] and [16]. Our proofs hold for the framework defined in
Section 1.2 and simplifications arise from the self-adjointness of the forward
operator. At the same time, in order to give a better picture of the theory,

we make additional remarks and present additional examples.

First, we introduce the Moore-Penrose generalized inverse, which pro-
vides a way of inverting ill-posed linear equations and then we give a short
presentation of the Classical Regularization Theory and particularly the
Tikhonov Regularization method, [21]. The chapter concludes with a pre-
sentation of the method of Tikhonov Regularization in Hilbert Scales, [18],
[17], [9]. The reason that we are mainly focused on the Tikhonov Regular-
ization method and its generalizations, is that it is related to the Bayesian

Approach to Inverse Problems, [6].
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In Chapter 3 we provide some original results for a generalized version
of the method of Tikhonov Regularization in Hilbert Scales applied to the
”Laplacian-like” inverse problem. We first supply sufficient conditions for
convergence and then proceed to give convergence rates under additional

assumptions.

Finally, in Chapter 4 we examine the Bayesian Approach to Inverse
Problems. In Section 4.1 we give a brief presentation of the theory, with-
out supplying any proofs. The theorems used for the presentation can
be found in Section 4.3. In Section 4.2 we first present some posterior
consistency results in finite dimensions and then prove original posterior
consistency results for the ” Laplacian-like” inverse problem. The posterior
consistency results presented are of two kingds: frequentist Bayesian and
subjectivistic Bayesian, [4]. We also give necessary and sufficient condi-
tions for the equivalence (in the sense of measures) of the posterior and the
prior in the ”Laplacian-like” inverse problem. In our work, we simplify the
calculation of the posterior distribution by the use of a class of conjugate
priors with respect to the data likelihood, in particular we examine the
case where both the prior and the noise is Gaussian, [1]. The presentation

in this chapter is based primarily on [20] and secondarily on [15] and [13].

The work in this thesis hence contains orginal work of two kinds: firstly
the proofs of all the results concerning classical regularization have been
developed independently from the original sources, in the particular case
where the forward operator is self-adjoint; secondly the work on the ” Laplacian-
like” inverse problem, Bayesian and Classical, presented in Chapters 3 and

4, is entirely new.

1.1 Inverse Problems

In this section we introduce the concept of an Inverse Problem. According
to [5], "Inverse Problems are concerned with determining causes for a de-

sired or an observed effect”.

Suppose F' : X — Y is a function between the spaces X and Y and
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consider the equation
y = F(u). (1.1)

To give some intuition, suppose F' is the solution of a differential equation.

If we consider 3° to be a (possibly noisy) observation of the solution

Y’ = F(u) +n, (1.2)
where we know that the size of the noise is less than ¢ (classical ap-
proach) or we have some information on the statistical behaviour of the
noise (Bayesian approach), then in Inverse Problems we are trying to de-
termine the parameter u which is the cause for the observed effect y°. If
we consider y to be a desired solution of the differential equation, then in
Inverse Problems we are trying to determine the parameter v which steers
the solution to the desired value. In other words we are trying to invert

(1.1) or (1.2) in a general sense.

We will henceforth refer to y as the exact data or exact observation, to
y° as the noisy data or the noisy observation and to u as the solution of

the Inverse Problem.

Inverse Problems are in general ill-posed in the Hadamard sense, since

usually at least one of the following holds:

i) The existence of solution is not guaranteed for all admissible data
y € Y: the function F might not be surjective, so there might exist
y € Y for which there is no u € X such that y = F(u). Even if F is
surjective, in practice we have noisy observations of the data y which
might not be in the space Y, so we need a way to assign a solution u

to these observations.

ii) The uniqueness of solution is not guaranteed for all admissible data
y € Y: the function F' might not be injective, so there might exist
data y € Y for which there are multiple u’s such that y = F(u).
More generally, in the case of noisy observations we need to be able

to assign a unique solution to every noisy measurement.

iii) The solution u does not depend continuously on the data y: this is
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currently a vague statement since we haven’t introduced any topolo-
gies in the spaces X and Y, but we will make it concrete later. It is
apparent that this is very important since in practice we have noisy
observations of the data y, so we want small errors in y to give rise

to small errors in the solution w.

In Chapter 2, we give some classical tools to deal with the ill-posedness
of inverse problems and in Section 1 of Chapter 4, we give a description of
the Bayesian approach to inverse problems. In Chapter 3 and Section 2 of
Chapter 4, we give results related to a particular inverse problem, which
we call the ”Laplacian-like” inverse problem and which we define in the

next section.

1.2 Statement of the Problem

1.2.1 General Framework

In this thesis we are concerned with Inverse Problems of the following
general form: suppose that in (1.1) and (1.2), X and Y are Hilbert spaces

and F' is a compact, linear operator K : X — Y. We are trying to invert
y=Ku, ue X, yey, (1.3)

assuming that we have observations of (1.3) polluted by an additive noise

of known magnitude (classical approach)
' =Ku+n, |lll=0, (14)

or known statistics (Bayesian approach).

For a compact operator K, it is well known that its range, R(K), is
closed if and only if it is finite-dimensional [5]. This immediately shows
that in the interesting cases where the range of the operator is infinite-
dimensional there is no guarantee of solution of the inverse problem (1.3)
for all y € Y. Indeed, since Y is a Hilbert space therefore closed, in these
cases we have R(K) C Y. Furthermore, if the nullspace of K is non-trivial,

then K is not injective and therefore even if we do have existence of so-
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lution, we don’t have uniqueness. More importantly, as we will see in the
next section, even if we can invert (1.3), the inverse is not continuous so we
cannot calculate the solution u in a stable way. Therefore, in the general

case, the inverse problem (1.3) is ill-posed.

Later in the thesis we will additionally assume that K is injective and

self-adjoint.

When K is compact and self-adjoint it possesses an eigensystem {@x, Vi }en
where the eignevectors {¢y}, .y form an orthonormal basis of X. The as-

sumption that K is injective, implies that v # 0, Vk € N.

The space X can be identified with the space H

H= {u:iukgbk : iui < oo}
k=1 k=1

which is a Hilbert space with the ¢2-norm and the ¢*-inner product.

For any v € 'H, we can write

u = (u, dr) O = Zum, where g, := (u, dx,).
o k=1

1

We can then define fractional powers of K by

Keu= Z viupdr, s € R.

For every s € R we define the separable Hilbert spaces X5 by

o0
X5 = {u: Zuk_‘lsuz <oo},

k=1

with the inner product

(u, x)x, = (K *u, K~ *1)
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and the norm

[[ul

1
o0 2
. —2s _ —4s, 2
X '_HK UH_<ZV1¢ Uk) .
k=1

Notation. Throughout this thesis we use the following notation:

U = <U, ¢k>,

Ye = (Y, Pr),

yg - <y67 ¢k>7
and

dr = <UT7 (bk)

1.2.2 The Laplacian-like Inverse Problem

In particular in this thesis, we will study the inverse problem (1.3) with K

defined as a negative power of an operator A satisfying the following:

Assumption 1.2.1. A: D(A) — H is a linear bounded operator, satisfy-

ing the following properties:
i) A is positive-definite, self-adjoint and invertible;

i) A possesses an eigensystem {r, ik } e, Where the eigenvectors {or} o

form an orthonormal basis for H;

i) there exist c¢f,c; > 0 such that

In other words the operator A is ” Laplacian-like” in the sense that it’s
eigenvalues {y} grow like the eigenvalues of the Laplacian in the real line,

or as the eigenvalues of the Laplacian to the d-power in d-dimensions.

As before, we can define fractional powers of A by

A*u = Zﬂzukﬁbk» s € Rv
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and for any s € R we define the separable Hilbert spaces H* by

Hs:{u:D—ﬁR: Zu2u2<oo},

k=1

with the inner product
(u,x)s = (A2u, A2z)

and the norm

2

el = [ Aa]] = (z u)
k=1

Note that H?* is a subspace of ‘H if s > 0, while if s < 0 then H?® contains
‘H. The family of spaces (H®)ser is called the Hilbert Scale induced by A.
Furthermore, note that for K = A4~* the spaces H* and X, are connected

through scaling: indeed, since v, = ,u,:g , we have that H® = X .

We consider (1.3) for operators K : H? — H” of the form K = A~¢, ¢ >
0 for appropriate values of v, 3 € R.

Lemma 1.2.2. I[f K = A% (>0, then K : HY — HP” is well defined and
bounded if and only if B — 20 < .

Proof. First we show that if § —2¢ <~ then K is well defined. Indeed, let
u € H7, then

[e.e]

2 —2¢
1Kulls =D w i
k=1

which is finite if and only if u € H?~% i.e. v > 3 —2(. To show that K is
bounded, note that

Ku 2 0o B—2¢ 9
K R gy = sup le Lyt
’ werruzo ||ulll  ueruzo > ke Hpuf

If B —2¢ <+, then by Assumption 1.2.1(iii), 3¢ > 0 such that
pe 2 <oy, VEEN,

thus

2
||K| |L(H7,H6) <c
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Suppose that 3 —2¢ > v and Vn € N define u™ = ¢,, # 0. Then u™ ¢
‘HY, Vn € N and

since p, — oo by Assumption 1.2.1(iii). Hence

||KH£(H“/,H6) = o0

and K is unbounded. O

We can similarly prove the following:

Lemma 1.2.3. Suppose K = A" : HY — HP,0 > 0, where 3 — 20 < ~.
Then K= = A" : HP — H is well defined and bounded if and only if
g =v+2¢

Remark 1.2.4. The last lemma may cause some confusion. As mentioned
earlier, the range of a compact operator is closed if and only if it is finite
dimensional. The last lemma implies that the range of K = A~ : HY —
H % is the space HY T2, which is closed as a Hilbert space and at the same
time infinite dimensional. To resolve this subtlety, note that A= ¢ > 0,
when viewed as an operator acting between H” and H%¢ is not compact,
but it is compact when viewed as an operator acting between H? and H”
for g < v+ 20

Indeed, let u € By~. Then

20 2
|1 Kull, 5 = Zuﬂ P = [ul)? <1,

thus K (By,) C Bypze. Conversely suppose y € Byyyree. Then u := Ay is

an element of By~ since

[l 2 Zukuieyi = [lyI2 42
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and Ku = y. Hence Byy+2c C K(By,) and
K(BHW) — BH7+2€.

Since H7* 2! is infinite dimensional, its unit ball By+2 is not compact thus

K : HY — H*?f is not compact.

On the other hand, the ball B2 is a compact subset of H? for
B < y+20 thus K : H' — HP, B < v+ 2( is compact, [9]. In this

case, by the last lemma, K is no longer invertible.

Observe here the importance of the noise. If there was not any noise,
we could restrict the data to H*?* and then we would have the existence
and continuity of the inverse of K. The existence of the noise, may cause
the observations to be in a larger space H”, 3 < v+ 2¢ and in that case

we no longer have the existence, nor the continuity of the inverse of K.
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Chapter 2
The Classical Approach

In this chapter we give a brief, however self-contained, presentation of the
Classical Approach to Inverse Problems. We are mainly focused on the
Tihkonov Regularization method and its generalizations. Note that while
in this thesis we are only interested in additive noise models, the theory

developed in this chapter applies to general noise models.

2.1 The Moore-Penrose Generalized Inverse

In this section we deal with the first and second types of ill-posedness of
the inverse problem (1.3), namely the possible lack of existence of solution
and the possible lack of uniqueness of the solution. For the presentation
of this theory, which is taken from [5], we consider K : X — Y to be a

compact, linear operator.

Definition 2.1.1. /5, Definition 2.1] We define the following two gener-

alized notions of solution of (1.3):

i) u € X is called a least squares solution of (1.3), if

|Ku =yl = inf {|| Kz —yl| : z € X}

i1) u € X is called the best-approximate solution of (1.3), if u is a least

squares solution of (1.3) and
||ul| = inf{]||z|| : 2z is a least squares solution of (1.3)}

11
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The notion of least squares solution enforces existence of solution, while
the notion of the best-approximate solution provides a way of choosing one
of the possibly multiple least squares solutions, enforcing in this way the

uniqueness of the solution.

Definition 2.1.2. /5, Definition 2.2] The Moore-Penrose generalized in-

verse, KT, of K is the unique linear extension of K to
D(K') = R(K) + R(K)*,

such that
N(KT) = R(K)*,

where
K = K|y : N(K)* = R(K)

Note that the Moore-Penrose generalized inverse is defined only for

y € D(KT). Let Q be the orthogonal projector onto R(K). If the range
of K is infinite dimensional and therefore non-closed, D(KT) is a proper
subset of Y. If y € D(KT) the Moore-Penrose generalized inverse projects
y onto R(K) and then gives the unique element of N'(K)*, symbolized by
u', for which Kul = Q.

The following theorem tells us that the Moore-Penrose generalized in-
verse KT is the solution operator mapping y onto the best-approximate

solution of (1.3), when such a solution exists.

Theorem 2.1.3. [5, Theorem 2.5] Let y € D(K'). Then (1.3) has a

unique best-approrimate solution, which is given by
ul = K'y.

The set of all least squares solutions is u’ + N'(K).

We can characterize a least squares solution of (1.3) by the normal

equation:

Theorem 2.1.4. [5, Theorem 2.6] Let y € D(KT). Then u € X is a least

squares solution of (1.8) if and only if the normal equation

K*Ku=K"y (2.1)
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holds.

Using the metric properties of () we can show that u is a least squares
solution of (1.3) if and only if Ku = Qy [5]. This implies that if y ¢ D(KT),
then there is no least squares solution of (1.3) since in that case Qy ¢ R(K)
therefore there exists no u € X such that Ku = Qy. Hence, D(K) is the

natural domain for the definition of the Moore-Penrose generalized inverse.

Moreover, note that if K is injective, then there is a unique least squares
solution for every y € D(K), since Ku = Qy has a unique solution u €
X. The unique least squares solution is obviously the best-approximate
solution. In this case N(K)* = X holds, so we have that K = K and
K ':R(K) — X is well defined, therefore

K'y = K~'Qy, Vy € D(K").

The next proposition shows that even though the Moore-Penrose gener-
alized inverse enforces existence and uniqueness of the solution by weaken-
ing the notion of solution, it doesn’t deal with the instability of the inverse
problem (1.3).

Proposition 2.1.5. [5, Proposition 2.7] Let K : X — Y be compact,
dimR(K) = oco. Then KT is a densely defined unbounded linear operator
with closed graph.

Definition 2.1.6. Let K : X — Y be a compact, linear operator. A
singular system (ox; v, wy) for K is defined as follows: {o}},oy are the
nonzero eigenvalues of the selfadjoint operator K*K , written down in de-
creasing order with multiplicity, o, > 0 and {vg}yey 5 a corresponding
complete orthonormal system of eigenvectors of K*K , spanning R(K—*K)
The {wy} ey are defined as

Kuvy,

Wy = ———
VO]

and they form a complete orthonormal system of eigenvectors of KK*,
spanning R(KK*).

The following formulas, called singular value decomposition of K and
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K™ respectively, hold:

Ku= Zak(u,vk>wk, Vu e X

k=1

and .
Ky =Y oxly, wi)v, Yy €.

k=1

Using the Singular Value Decomposition one can find a condition for
the existence of the best-approximate solution, as well as an expression for

it, if it does exist.

Theorem 2.1.7. [5, Theorem 2.8] Let (ox; vk, wy) be a singular system

for the compact linear operator K, y € Y. Then we have:
i)
— | (y, ws) |”
yeDK) = Y < (2.2)

Kty = i <y’wk>vk. (2.3)

The condition (2.2) for the existence of a best-approximate solution is
called Picard’s criterion. It says that ”a best-approximate solution exists if
and only if the coefficients of the observation y with respect to the singular

functions wy, decay fast enough related to the singular values o;” [5].

One can readily see in expression (2.3) the instability of the problem
(1.3). Indeed, in the case where the range of K is infinite dimensional, we
know from Operator Theory that the singular values o, of K accumulate
at 0, so errors in data of a fixed size can be amplified by an arbitrarily large

factor.

Remark 2.1.8. In the ”Laplacian-like” problem with which we are con-
cerned in this thesis, we have an orthonormal basis of H consisting of
eigenfunctions of K, so we don’t need to use the Singular Value Decompo-
sition, since vy = wy = ¢ and o = ,u,;f, for all £ € N. The Hilbert scale

H?, s € R is induced by A which is diagonalizable in the same orthonormal
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basis of eigenfunctions as K, hence the above theory is simplified:

K :'HY — 'H" is compact, self-adjoint and injective, therefore
R(K)*" = N(K) = {0}

and
D(K') = R(K).

This implies that X = K and that the orthogonal projector @, of Y onto
m, is the identity thus it no longer appears in the formulae. We hence
have

u' = K7y, Vy € R(K).

By Lemma 1.2.3, we have that R(K) = H "%, thus
D(KT) = H 2"

Suppose y € H”. Then by the preceding observations:

i)

yeDK) = Y Pyl <x (2.4)
k=1
i) If y € D(KT),
ul = K™y = Zuﬁymk' (2.5)
k=1

The criterion (2.4) for the existence of a solution is a decay condition
on the coefficients of y similar to the Picard’s criterion in (2.2). From (2.5)
we can again see that we have instability, since gy ooy oo, therefore for
(>0, ut "2% 5 and so small errors in y can be amplified by an arbitrarily
large factor and become large errors in the solution. Note that instability
here refers to the norm topology of H?”, not to the norm topology of H7+%

where by Lemma 1.2.3 the inverse K1 is continuous.

In the next section we introduce Tikhonov Regularization, which is a

method to deal with the instability of inverse problems and in particular
the problem (1.3).
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2.2 Regularization of Inverse Problems

In this section we deal with the third type of ill-posedness of the inverse
problem (1.3), namely the instability of the solution. Since our observa-
tions are polluted by noise and therefore they are inexact, we need an
approximation u’ of the (best-approximate) solution u', which for small
data errors is guaranteed to be close to uf. As we’ve already explained in
the previous section, the use of the best-approximate solution Kty? is not

good for two reasons:

a) First, the additive noise can be such that y° ¢ D(KT) and so there

exists no least squares solution at all.

b) Second and most importantly, even if y° € D(KT), in all the inter-
esting cases KT is unbounded and so even if the error level § in the
data is very low, we can have a very large solution error HuT — u‘s‘ |

In Subsections 2.2.1 and 2.2.2 we develop some basic general regularization

theory and then in the rest of the section we discuss Tikhonov Regulariza-

tion.

2.2.1 Basic Definitions and Results of Regularization

Theory

According to [5] ”Regularization is the approximation of an ill-posed prob-

lem by a family of neighbouring well-posed problems”.

Here, we want to approximate the best-approximate solution u! = KTy
of (1.3), for the specific right hand side y € D(KT) where we have polluted
data 3° € Y known, such that

ly =4l <o

To do this, we construct a family of approximations u$ parametrized by
the reqularization parameter A\, which we want to depend continuously on
the data y° and as § — 0 for the appropriate choice of the regularization
parameter A = A(J)

q T
uy — u'.
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A choice of the regularization paramater, depending only on the error level

§, and not on the data 1, is called an a-priori parameter choice rule.

For y € D(KT) we have the expression (2.3) for the best-approximate
solution of (1.3). Problems are caused by the factor é in (2.3) which tends

to infinity in the ill-posed case.

The idea, according to [22], [16], is to multiply each factor é in (2.3)
by the value of a filter function f : (0, 00) x (0, ||K]||’] = R, fx(c2) which

behaves in general terms in the following way:

i) for each A >0
f/\(az) =0

g

0

ii) for each o € (0, ||K|]]

A0 2231

i.e. it filters out the components which correspond to small singular values
which cause the instability, and as the regularization parameter vanishes

the effect of this filter function fades away.

The regularized version of (2.3) is then defined by

g

Ry =) f(af) (Y, wk) vk (2.6)
h=1

Example 2.2.1. One example of such a filter function is the Truncated SVD
filter function (TSVD) given by

if o2
fA<02>={ A,

0, if o2<)\,

for all o € (0, ||K||]. The regularized version of (2.3) becomes

, W
RISVPy = 3 ww)

Ok
2
oR>A

In [5] the same idea is applied in a more operator-theoretic context.

They introduce the theory of Functional Calculus, in order to define func-
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tions of operators [3], [11]. In our particular problem though, since we
can diagonalize the operator K in the basis {¢y}, we don’t need to use the

tools of Functional Calculus.

The theory developed in the rest of Chapter 1 is primarily taken from
[5] where it is developed in greater generality for K : X — Y, bounded
linear operator. In order to simplify the proofs of this theory, we will
henceforward assume that K : X — X is compact, self-adjoint and injec-
tive, with an eigensystem {¢, Vi },cy, as stated in Subsection 1.2.1. All of
the proofs provided in the rest of the chapter are our simplifications of the
proofs given in [5]. For illustrative purposes we will retain the statements

of the theorems as they are in the more general theory developed in [5].

From the normal equation, if K*K is invertible, for y € D(K') we have
ul = (K*K) ' K*y (2.7)

In the ill-posed case where R(K) is non-closed K*K : X — X is not invert-
ible. Indeed, R(K*) is determined by the K* image of N (K*)* = R(K),

therefore, since R(K) C R(K), we have that R(K*K) C X, thus K*K is

not invertible.

The regularized version of (2.7) for y € D(K) is then defined by replac-
ing (K*K)~! by the values of a parameter depending family of functions
g:(0,00) x (0, [|K[[] = R

uy = gr(K*K)K™y. (2.8)
For inexact data y° € Y we then define the regularized approximation
ul = gr(K*K)K*y°. (2.9)

Using the diagonalization of K in the eigensystem {@x, vk}, We have

ux = > (7 )iy (2.10)
k=1
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and .
u = Zg,\(yz)yky,‘quk. (2.11)

k=1
The following theorem confirms that for a properly chosen family of
functions gy, u) tends to the best approximate solution as the regularization

fades away.

Theorem 2.2.2. [5, Theorem 4.1] Suppose that for every A > 0, gy :
[0, [|K|°] = R fulfills the following assumptions: gy is piecewise continuous
and there exists C' > 0 such that

loga(o)| < C, (2.12a)
and .
lim gx(0) = pt (2.120)

for all o € (0,||K|*].

Then for all y € D(KT),
lin})gA(K*K)K*y =ul.
Ify ¢ D(KT), then

lim [|g (K K) Ky = oo.

Proof. Suppose y € D(K), so that u! is well defined,

PN :
u Z Vk(bk € X. (1)
k=1
Then by (2.10)
2 = (1= D)’ g
ot == 3 (R (i
k=1

By (2.12a) we have

1= 0ga(0)] < 1+]oga(o)| < 1+C, Vo € [0, |K[]°], A >0,
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hence o 9N 2 2
(M) B <+0PE vas0 vkeN,

27
145 P

where by ()

TN

— ||u!]]* < oo.

TN

5!
v
k=1
Furthermore by (2.12b) we have that for all k € N
1— ()i —0, as A—0

and so by applying the Dominated Convergence Theorem to (ii) we get
that

i o = | =0

Suppose now that y ¢ D(KT) and assume that there exists a sequence
An — 0 such that ||uy, || is bounded. Since X is a Hilbert space therefore
reflexive, there exists a subsequence (denoted again by u,,, ) which converges

weakly to some u € X. Since K is compact we have that
Kuy, — Ku. (1i1)

On the other hand again by the Dominated Convergence Theorem using

(2.12a), (2.12b) we have
Kuy, =Y g6, )vimdr == > yetn = v. (iv)
k=1 k=1

By (iii) and (iv) we get Ku = y, therefore y € D(KT), contradiction. [

The next theorem shows the effect of the regularization to the stability
problems, i.e. it shows that the regularized approximation wu, is continuous

with respect to the data.

Theorem 2.2.3. [5, Theorem 4.2] Let gx and C be as in Theorem 2.2.2,
uy and uS, be defined by (2.8) and (2.9) respectively. For A > 0, let

G 2= sup {|:(0)] < o € [0.]| K]}
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Then

HKu,\—Ku‘f\H <C$ (2.13a)
and

[|ur — ]| < 63/ CG, (2.13b)
hold.

Proof. By (2.10), (2.11) and (2.12a) we have

e ¢}

|| Kuy — Ku3 ) = (Ran (D) (e — 2)

k=1

<O (o —uh)? = C|ly - ||* < ¢
k=1
hence (2.13a) holds.

By (2.10), (2.11), (2.12a) and Cauchy-Schwarz inequality we have

o0

ur =3[ =3 (ron (D) (g — 1) (i)

k=1

< (Z Vg (V) (yr — y2)2> (Z I W)y — y2>2)

N

D |Kuy — Kul| (Z g (yr — y2>2)

k=1

N|=

(2.13a) >
< C4G) (Z(yk—y;ﬁ)?) = CG,4°

k=1

hence (2.13b) holds. O

The quantity HUA — u‘;H is called propagated data error since it mea-
sures the difference between the regularized approximations, uy and w3,
which is caused by the error in the data. By the last theorem we can split

the total solution error in two components

= 3| < |[u — ua|| + 83/ (2.14)
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By Theorem 2.2.2 the first term vanishes as the regularization parameter
tends to 0, but by the assumptions on g, for fixed error level §, as A — 0
the value of G explodes. It is apparent from this observation that in order
to achieve convergence of the regularized approximation u} to uf, as the
error level tends to 0, we need to let the regularization parameter \ also

go to 0, but in a carefully chosen d-dependent way:.

Example 2.2.4. The Truncated SVD can also be expressed in terms of the
notation and theory developed in [5]. Indeed, for

1 .
pp ’lf O'2>)\,

TSVD/ 2
g =
gx ( ) { O, Zf 0_2 S )\7

we get using (2.10)
TSVD _ Yk
0= 3 B,
vi>A

Note that for every A > 0, gF*VP is piecewise continuous and that the

other two conditions of Theorem 2.2.2 are satisfied trivially (for C=1).
Gz\“SVD —

Furthermore, observe that %, for every A > 0.

2.2.2 Order Optimality - The Worst-Case Error

We now give some results regarding convergence rates of regularization

methods satisfying the assumptions of Theorem 2.2.2.

For p, p > 0 define
Xu = RIK"K)")

with the norm
2]l x, = || (K*K) "

|,V:L‘€Xu

and
Xup={ue X u=(K"K)'w, ||w|]| <p}.

Note, that for K compact, self-adjoint and injective as we will always as-
sume in the proofs of the following theory, X, is identified with X, and

|I]|x, is identified with |[.|[, -
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Definition 2.2.5. [16, Definition 1.18] Let Z be a subset of X and suppose
|||, is a stronger norm on Z, i.e. 3¢ > 0 such that ||z|| < c||z||,, Yz € Z.
Then we define

F(6,p|1lz) = sup{[lz]| : = € Z, || Kzf| <6, ||zl < o}, (2.15)

and call (6, p, ||.||,) the worst-case error for data-error 6 and a-priori in-

formation ||z||, < p.

The worst-case error depends on the operator K and the norms in X, 7.
It is desirable that the worst-case error not only converges to zero as the
noise-level ¢ tends to 0 but that is of order as close to d as possible. To

explain the reason for this we first give the following proposition:

Proposition 2.2.6. [5, Proposition 3.10] Let pu,p,6 >0 and R:Y — X
be an arbitrary map with R(0) = 0. Define

A0, Xy, R) = sup {||R(y") —ul| :w € Xy i €Y, [[Ku—3°|| <6}

Then
A(57 X,u,pv R) Z JT((S, pa ||||XM) (216)

Proof. Let u € X, , with ||Ku|| < § be arbitrary. Then for y° = 0 €
Y, R(y°) = R(0) = 0 we have

[|R(y") = ] = [lull

hence
A<5> Xpps R) > ||R(O> - u|| = ||u||

By taking the supremum over all v € X, , with || Ku|| < § we obtain (2.16).
[l

Since we can view u$ as
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for a map Ry : Y — X such that R)(0) = 0, the last result implies that
under the a-priori assumption u! € X, ,, no regularization method can
converge faster than the worst-case error F(4,p,[|.[|y,) as 6 — 0. The
worst-case error is a lower bound for the solution error of a regularization

method under the a-priori information u! € X, ,

This motivates the following definition of optimality for a regularization
method [16]:

Definition 2.2.7. We say that a regularization method (Ry,\) is asymp-
totically optimal in X, ,, if there exists ¢ > 0 such that under the a-priori
information u' € X, and Hy - y‘SH < 0, the reqularized approrimation

U‘f\ = R,\y5 18 such that
[ = || < eF(6,p,1l1x,), V8> 0.

By the last definition, a regularization method (Ry, A) is optimal if un-
der the a-priori information uf € X,p, as 6 — 0 it achieves the same
convergence rate as the worst-case error, which by the last proposition is

the best possible convergence rate.

We now give an interpolation inequality necessary for the analysis which

follows.

Lemma 2.2.8. Forqg>r >0
||| | < || K2 |7 [|«]) (2.17)

Proof. By Hélder inequality we have

‘KQTI’H Zyk T = Zuk xk xk_7

o) [e%s) 1_2 - .
< (Xotat) (Xat) =l g,
k=1 k=1

The next theorem which is a generalization of [16, Theorem 1.21] based

3

]
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on a combination of [5, Proposition 3.14] and [5, Proposition 3.15], pro-

vides an estimate of the worst-case error.

Theorem 2.2.9. Let j1, p > 0. Under the a-priori information that x € X,

and ||z||, < p we have the following estimate for the worst-case error:
Fo.p.|Ilx,) < 5757 7t
Furthermore, there exists a sequence "% 0 such that
_2p 1
f(5k7p7 ||||Xu) = 5}3N+1pm’

1.e. the estimate is asymptotically sharp.

Proof. Let x = K**z € X, with [|Kz|| < § and lzllx, <p
e |[K*tz|| <§and ||z]] < p.
1

Then using the interpolation inequality (2.17) for r = p, ¢ = p+ 5, we

have

i = K] < || 212] 55 el < g i,

hence the desired estimate on the worst-case error.

For the sharpness assertion, it suffices to determine {95} and {x} C X,
such that

i) 8, =0,

i) |lzxllx, < o,

i) ||Kxg|| < 0 and
iv) [[ag]| = 675 p7r,

Define 0, = pr2#**. Since v, "% 0 we have that &, —= 0.

Observe that ,
6.\ T
(%) =t )

Let ), = pK?¢;,.. Obviously z;, € X, and el x, < p-
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Furthermore,
2p
2% O \ 2#+1 jSl 1
T = pv, op=p ? G = 0, pFi gy,
hence )
_4p 1
N TES R
|z|| = 65" p2es
and
2 22H1 L1 9 (%) ;;H—? =L
K 'Tk = 6k'u+ p2l1«+1 Vk¢k = 5ku+ p2p+1 ¢k)
hence

2u+2

Kl = (K, K = (K2, a) <5,?“pﬁ#¢k,6ﬁ“p%¢k> _ 5
]

Observe that for © — 0 the convergence rates become very slow.

The next theorem in conjunction with the succeeding corollary, provide

sufficient conditions which secure the optimality of a regularization method.

Theorem 2.2.10. /5, Theorem 4.3] Let gy fulfill the assumptions of The-
orem 2.2.2 and define

7')\(0) =1- O—g)\<0_)a VA > 07 S [07 HKH2]

Suppose p,p > 0 and let w, : (0,Ag) — R be such that for all A € (0, \o)
and o € [0, || K|[
a|ra(o)] < wu(A). (2.18)

Then for u' € X,,,,
s = ]| < w00

and
HKU)\ — KuTH < wu+%()\)p.

Proof. Let w € X be such that u" = (K*K)*w, ||w|] < p.

By the normal equation (2.1) we have

Ky = (K*K)"*w
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or equivalently

VY = Vz““wk, Vk € N,

thus

o0

ul —uy =Y v widr — Y ga (V) Viydr
s

k=1

=Y vt wrgy — ZQA v e =Y vt (1= (R wndy
_ k=1

and similarly

By (2.18)
uf = ua||” =@ ra () *w}
k=1
<Y w2 = 2O [Jwl < wi(A)p?
k=1
and -
|Ku — K[ = Y (04 (08)) P
k=1

<SR W =@ W [l < W, ()

1
2

]

Corollary 2.2.11. [5, Corollary 4.4] Let gx satisfy the assumptions of
Theorem 2.2.10 with

wyu(A) = A, (2.19)

for some ¢ > 0 and assume that G\ = O(%), as A — 0, where G is defined

i Theorem 2.2.3. Then, with the parameter choice rule

5\ Zrt
A~ (2 , 2.20
(5) 22

the regularization method (R, \), defined by gy, is of optimal order in X, ,.
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Proof. By (2.14),(2.19) and Theorem 2.2.10 we have

10§~ ]| < [ — ]| +8,/G

< cA“p—i—(S\/%.

By (2.20) the right hand side is bounded by

21 1
y (p <§> 2p+1 np (g) 2M+1> _ d(gﬁpﬁ,
p

where ¢ > 0 is a constant. Hence by the definition of order optimality and
Theorem 2.2.9, the method (R, A) is of optimal order in X, ,.
O

Remark 2.2.12. Note that (2.19) may only be true for u € (0, yo] for some
po > 0 which according to [5] is called the qualification of the regulariza-
tion method. If (2.19) holds for all ;1 > 0, then the last corollary implies
that for larger values of y, the convergence rate of the solution error to 0, as
§ — 0, under the a-priori information uf € X u, 1S guaranteed to improve
eventually getting arbitrarily close to O(J) for large enough values of p. In
that case, we say that the regularization method does not saturate. How-
ever, for finite values of pg this is not always the case; the regularization
method may saturate at some rate, as we will see later is the case for the

Tikhonov Regularization method.

Example 2.2.13. We revisit Example 2.2.4 to show that the Truncated SVD
method satisfies the assumptions of Theorem 2.2.10 and Corollary 2.2.11,
which secure that it is an optimal method in X, ,. We have already seen
that GL9VP = % for all A > 0, thus it suffices to show that there exist
¢, Ao, fto > 0 such that

aHra(o)| < eX, Yo € [0,]|K|P], YA € (0, o), Yu(0, o). (2.21)

First we observe that

0, if o>\
TSVD(O_):{ 17 Zf US)\’
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thus
0, if o>\

ot if o <A

o TSV (o)) = {

By the last calculation we have that the condition (2.21) is satisfied for
¢ = 1 for all Ay > 0 and most importantly for all g > 0. By the last
remark, we thus have that the Truncated SVD regularization method does

not saturate.

2.2.3 Tikhonov Regularization

In this subsection we present a particular regularization method, that is a
particular choice of the family of functions gy introduced in the previous
subsection. This method is called Tikhonov Regularization [21], [5], [16].

Define the Tikhonov filter function

1
T o 2
gA(a)_U+>\7 )‘>07 O'E[O,HKH],

and observe that

logf(0)] <1, YA >0, Yo € [0,]|K|[] (2.22)
and that for o # 0
1
. T _ -
lim g3 (0) = . (2.23)

i.e. g7 satisfies the hypotheses of Theorem 2.2.2.

With this choice of filter function, the regularized approximation for

inexact data y° € Y (= X) is given by
ul = (K*K + M) Ky° (2.24)

or using the diagonalization of K, by

Dr- (2.25)

Note that ui is well defined because for all k¥ € N we have VQ” j“r 5 < "7’“ which
k
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for all A > 0 is bounded, since K is assumed to be compact.

The following theorem provides a Variational Characterization for the

Thikhonov regularization.

Theorem 2.2.14. [5, Theorem 5.1] Let u§ = (K*K + M) K*y°. Then

u$, is the unique minimizer of the Tikhonov functional

1 2 A
I(u) = 5|\Ku—y5\| —1—§Hu|]2 (2.26)
over the space H.

Proof. In the orthonormal basis {¢y}, the Tikhonov functional is given by

) A 00
])\(u) = Z(Vkuk —y2)2+52uz
k=1 k=1

| =

We minimize I(u) by minimizing each term of the series over u;. We

differentiate each term of the series with respect to u; to get
2 ) _
ViU — VkYp + Aug = 0,

therefore the minimum of I, is attained for

" — kali
F v+ A
Hence - 5
argmin Iy (u) = Z Zkyk b = us.
ueX 1 vi + A

]

The next theorem provides a sufficient condition on the a-priori param-
eter choice rule A = \(0), for the convergence of the Tikhonov regularized

approximation ui to ul:

Theorem 2.2.15. [5, Theorem 5.2] [16, Theorem 2.12] Supposey € R(K)
and Hy—y‘;H <4.
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If X = X\(6) is such that

zliin(l) A0)=0 (2.27a)
and 52
then

Q%M@:uﬁ

Proof. By the assumption y € R(K), so there exists a unique u' in N'(K)* =
H, such that y = Kul.

In the orthonormal basis {¢y} we have the expressions
o0 o0

Y= Z%@ = Z ViQk@r, where yi = (y,dr) and g = <UT> ¢k> :
k=1 k=1

By (2.25) we have

2
kai - qulf — AQk
vE+ A

b 2 2 oo 2
VY — 4kl 19 Z AQk
vi4+ A v+ A

k=1

©° V2(y5 _ yk)2 o q2
=2 Bk IM 4 oN2NT 2k _ A4 B
2o 2 Wy
We show that both A and B tend to 0 for A = \(0) satisfying (2.27a) and
(2.27b) to conclude the desired result.

For the term A we have

- (yi—yk)Q _52
AS; A DY

so for A = A\(0) satisfying (2.27b) it vanishes.

For A = A(9) satisfying (2.27a) term B also vanishes, by the Dominated
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Convergence Theorem since for all £ € N

2)\22
ﬁ—ﬂ), as A —0
k

and for each A > 0
2N%q; 2N

= 9242
(VE+ N2~ N Uk

which is summable since u' € H.
0

We now apply the results of the previous subsection to Tikhonov regu-
larization to obtain convergence rate results [5, Example 4.15]. First note
that

GY = sup {|g3 (0)| : o € [0, ||K[*]}
1

o €0, ||K||2]} =3 (2.28)

1
= su —
P { ‘ o+ A
therefore, since we have already seen that g’ satisfies the hypotheses of

Theorem 2.2.2; by Theorem 2.2.3 we have the stability estimate

[Jur =] <

S+

Observe that \

o+ )\

(o) =1-0gl(0) =

We need to compute for p > 0, a function w, : (0, Ag) — R such that for
all A € (0, Xo), o €[0,]|K]|[]

o|rx ()] < wu(A).

Define
A

halor) i= i ()] = o'~

Au

For 0 < p < 1 this function attains its maximum for o = 1_“#, therefore

ho(o) < A (1= )i <
B = By - - =
(1= )t 22 4\

while for © > 1, h,, is strictly increasing, thus it attains its largest value
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in [0, || K|*] at the right end of the interval

A

hu(o) < HKHQ#W < [IKI[*
This means we can take
so={ 02
with ¢ = || K[|, thus, for p € [0,1], we have
atlrl ()] < M. (2.29)

By Corollary 2.2.11, for u € (0,1] and p > 0, for the parameter choice rule

T
=G
p

the Tikhonov Regularization is of optimal order in X

w,p> SINCe

[[u = u'[| = O pzov),

which is of the same order of magnitude as the worst-case error correspond-

ing to the a-priori assumption u' € X p-

For 1 = 1 we obtain the best possible convergence rate, with the above

choice, that is for regularization parameter
N
3
p

[ = || = 0(6%),

we have

for ut € Xip.

The next theorem shows that the Tikhonov regularization never yields
2
3

a convergence rate which is faster than O(03). We say that the Tikhonov

regularization method saturates at this rate.
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Theorem 2.2.16. [5, Proposition 5.3] [16, Theorem 2.13] Let u' € X

and assume that there exists a parameter choice rule \(6,y°) such that

(lsin[l)Huf\—uTH(S’% =0, Vo’ €Y with Hy‘s—yH <9,

where u$ is the Tikhonov regularized approximation.

Then u' = 0.

Proof. We prove this by contradiction. Assume that uf # 0.
We show first that A(8)673 — 0, as 6 — 0.

By the definition (2.24) of the Tikhonov regularization and the normal
equation (2.1) we have that

A+ K K) (1} 5y —ul) = K*y* = M0)u' = K*Ku' = K*(y° —y) = A(6)u,
hence we have the estimate
MG ]l < KNS+ G+ 1K) [[uls) = u']
and by multiplying both sides with 573 we get
A5 [[]| < (1K1 85 + (MG + [[K|*) | [uds) — ul|] 575,

By the assumption this yields that

A9)

2
3

—0 as 0—0. (a)

Define &, = v and 4% = y + ¢y, for every k € N. Then d, "=% 0 and
for )\k = )\((Sk)

u‘f\‘; —ul = (u‘;’; —uy, ) + (uy, —ul)
5k7/k t
- Y b
/\k+y’3¢k+(uxk u') (b)

Since the assumption implies that also

[Jus, '] 6% =0,
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we conclude by multiplying both sides of (b) by 575, that

1
6[3”"6
2
A + vy

, as k — oo. ()

The contradiction follows using (a), since

1
3 2
7 7

)\k+V]3_>\k+V]%

_2
=(1+M6,%)" =1, as k— oo,

which contradicts (c).

O

This result says that the Tikhonov regularization method is not optimal
under stronger assumptions on the solution uf, i.e. under the assumption
ut € X, u > 1. As mentioned earlier we say that the Tikhonov regular-
ization method saturates for 4 = 1. Note that the assertion in the last
theorem is proved not only for a-priori parameter choice rules, but for

general parameter choice rules.

2.3 Tikhonov Regularization in Hilbert Scales

We now give a brief introduction to the method of Tikhonov Regularization
in Hilbert Scales, first introduced by Natterer [18].

We develop this theory directly for the problem that we will examine in
the next chapter, that is for K = A~*, ¢ > 0 where the form of A is given
in Section 1.2.2 and for the Hilbert Scale H® introduced in Section 1.2.2.
In this section we consider K to be a map H — ‘H. The theory is taken
from [5] with some modifications, but again the proofs presented below
are simplifications for the particular case examined in this thesis. In [5]
the theory is developed in greater generality, not only for Tikhonov Regu-
larization, for more general operators K and for a Hilbert Scale induced by
an operator L which has a weaker relation to K than the relation between
A and K in our case. In this context L is called the reqularizing operator.
A detailed discussion in the case of the Tikhonov Regularization in Hilbert

Scales, for different choices of the regularizing operator L, can be found in
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17].

Natterer’s idea was to regularize the problem Ku = y by minimizing

the slightly generalized Tikhonov functional
1 2 A
fx,a(u):ﬂ‘f(u—y&” +§HUH§H (2.30)
where o > 0, thus he defined the regularized approximation as

= argmin [, ,(u).
u€He

5
u)\,oz
This time we start with a variational characterization for the Tikhonov
Regularization in Hilbert Scales, so we would like to have an operator-

theoretic characterization for it, provided by the following proposition:

Proposition 2.3.1. Let uj , = argmin I o (u).
u€H™

Then u/\’a is given by
ud = g (A K*K) A “K*y° (2.31)

o3

or using the diagonalization of A by

oty
o =Y —si——0n (2.32)

20 o
o M A

Proof. In the orthonormal basis {¢y}, the generalized Tikhonov functional

is given by

—_

Da(u) = 5 Z o “up — yp)? Zuwi
k=1

We minimize [ ,(u) by minimizing each term of the series over u;. We

[\

differentiate each term of the series with respect to u; to get
e 2 s, — YR+ Ay, = 0,
therefore the minimum of I, , is attained for

W



2.3. TIKHONOV REGULARIZATION IN HILBERT SCALES 37

and

argmin [ ,(u) = E — BTk =l
uEHe — I 2 4 AL, A

On the other hand, using the diagonalization of A in the orthonormal basis

{¢r} we have

= 1
T —a % —a 1%, 0 —a, —f
T (A K K)A K :§:_a_—,uuy¢k
§: My, yk 5
—= E :UA,CM'
1/“Lk:2+>\ﬂ’k

Remark 2.3.2. Consider the restriction of K to H®, K, : H* — H. Then

for every u € H* and z € 'H we have on the one hand that
(Kou,x) = (Ku,x) = (u, K*x)
and on the other hand that
(Kou,z) = (u, (Kq)"z), = (u, A(K,) ).

This implies that (K,)* = A~*K*. After this observation, we can rewrite
(2.31) as
ui,a = gf((Ka)*Ka)sza (2.33)

and since this expression has the form of (2.9), all the convergence results

with respect to the norm in space H?, of Section 2.2 hold.

For Natterer’s theory to work, he required operators K satisfying the
inequality
mlfull_, < [|Kull <7 |lull_,, YueH, (2.34)

for some p > 0 and 0 < m < m < oo in order for an essential for his

analysis inequality by Heinz [10], to hold [5].
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In our case inequality (2.34) holds trivially for p = 2¢, since
Kull = [[A~"u]| = llull_y . Vu € M
and Heinz’s inequality degenerates to equation (2.35) given below:

Proposition 2.3.3. Let a > 0 and define B = A"*K*K. Then for every
velR

||B2ul| = [lull_ 2010y » Yu € D (B?) (2.35)

20+

and
R(BY) = H2> ), (2.36)

Proof. For u € D(B?) we have

1B5ul| = || A~ Ful] = |4~ A Fu

| =11l 240 -

For the second assertion, we have y € R(B") if and only if B~y € H,

which is equivalent to "7, MZZ’(%“‘)yz < 00, e y € H22t+a), 0

By a similar calculation as in the previous section, we can verify that
the Tikhonov filter function g§ (¢) = —, satisfies the following conditions
for every o € [0, ||B||] and A > 0:

logx (o) <1 (2.37)
lim g7(0) = =, o #0 (2.38)
Ao AT = T ‘
T 1
g2 (@) < 55 VA0 (2.39)
and
ot ri (o)] < M, Yu € [0, po), YA > 0. (2.40)

Lemma 2.3.4. For every 0 <t <1
o'lgi (o) < 22X, Yo € [0, |B][], A > 0. (2.41)

Proof. Fix 0 <t <1, o €0,||B]||] and A > 0.
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By (2.40) for ;1 = 0 we have
ra (o) < 1,

So since
olgi (o) =1 < |rx (o)l

we get
algx (o) <2,

thus, since 0 <t < 1, we deduce that
o'lgx (0)]" < 2.

By (2.39) we have
lga (@) F < A

therefore
g5 (0)]" > |gx (o)A,

Combining (i) and (ii) we get
t) T IR NV O
a'lgr (@) AT < gy (o) <27 <2,

hence
o'lgx (0)] <201

39

The following theorem which is a modified version of [5, Theorem 8.23],

establishes convergence results with respect to weaker norms, even when

ul ¢ He.

Theorem 2.3.5. Let o« > 0 and let uia be the generalized Tikhonov regu-

larized approximation given by (2.31). Then under the a-priori information

ut € H™, for the parameter choice

2(20+a)

5 20+m
()
[|uf]l,,,

(2.42)
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and if m < 40 + 2«, we obtain the estimate
m 2
|10 = ul[] < Comem [[ul|[ 25,

for some constant C' > 0.

Proof. By the triangular inequality we have
o =[] < [[u 0 = wnal ]+ [|wre = ]|

We first estimate the propagated data error Hu‘f\ﬂ - u,\ya‘ ’

Since the operators ¢! (B), K and A are diagonalizable in the same

orthonormal basis {¢y} , they commute, therefore
Ul o — wral| = |08 (B)A™K*(y° — y)|| = ||A 295 (B)A 2 K*(y° —y)||

Y
—Q

= ||gt (BYAT2 K" (s’ — )|, = HgAT(B)B%(y‘S — y)‘

hence by (2.35) for v =

tra
1.0 = wral] = HBﬁg;(B>B%(y ~y) H = ‘)JB‘A’ZZTOLQT(JB)(y‘s - y)H
By (2.41) for t = £ 212+ ,
mal basis {¢x}, that
[0 = wrall < X555 (i)

where ¢ > 0 is a generic constant.

Since u' € H™, by (2.36) we have that
At e e = R (B )
thus there exists v € ‘H such that

Ayt = Breray, (id)
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This along with the normal equation (2.1), imply that

[lura = ul|| = [[g (B)A™ Ky — ]| = [| (g3 (B) A K"K — A7 AZ)u]|
= [|A5 (g5 (B)B - A3l = i (B) B

so that by (2.35) for v = 35— we have

Y

[[ura = ul|| = || Bty (B) B || = || Bt (B)|

thus by (2.40) for p = ity < 1 since m < 40+ 2a,

|[ura —ul]| < Az ||y

Again by (2.35) for v = 2= using (ii) we have

2Utar
loll = || B A%t | = ||A%uT]],,_, =[],
so that
|[ura — ul]] < exzeia [[uf]| - (i)

By (2.42), (i) and (iii) we have the desired assertion.

Remark 2.3.6.

i) Observe that the restriction on the allowed values of m
m < 40 + 2a,

comes from the qualification of the Tikhonov Regularization method, i.e.
from the fact that (2.40) holds for 0 < p < 1.

ii) For 0 < m < «, we still have convergence, i.e. we may have convergence

even if ul ¢ H* as mentioned earlier.

iii) For fixed a > 0, the last theorem provides the best possible rate for the
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a-priori information that u' € H**+2* in which case it gives that

|4 o — uf|| = O(6575%).

This means that the Tikhonov Regularization in Hilbert Scales method

saturates at a faster rate than

404+2a

0(5 60+2a )7

which, for a > 0, is already better than the saturation rate of the Tikhonov
regularization, O(63).

For a = 0, we get that for uf € H* the convergence rate is O(5§). The

a-priori information uf € H* is equivalent to u' € X1, so this rate agrees
with the rate provided by Corollary 2.2.11 in Section 2.2.3.

Moreover, for large enough values of o we have that for the a-priori in-
formation u' € H*T2* the convergence rate provided by the last theorem
can get arbitrarily close to O(6), thus for large enough values of « the sat-
uration rate of the Tikhonov Regularization in Hilbert Scales method can
get arbitrarily close to O(d). This shows that Natterer’s idea to regularize
in a stronger norm, does provide better convergence rates under sufficient

a-priori assumptions on the smoothness of the solution.

iv) For no a-priori information, i.e. for m = 0 the theorem does not directly
secure convergence for any value of a« > 0. However, we can see from the

proof that we have at least convergence, as long as
AS) =0 and SA(8) Ze — 0
as 6 — 0. Indeed, by (i) we have that
[43.a = tral[ =0
and by Remark 2.3.2, (2.37), (2.38) and Theorem 2.2.2

Hu,\@—uTHaHO, as A—0
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thus, since a > 0
Huk,a —uTH — 0, as A—0.

For o« = 0 we have convergence provided A — 0 and JA(d %) — 0 which is

in agreement with Theorem 2.2.15.

v) Finally, by slightly modifying the proof of Theorem 2.3.5, we have that
@2l+a)
for the parameter choice A ~ § St , we obtain a rate for convergence in

other norms, namely

m—y

Hui — UTHW = O(d2+m)

for max {—20,m — 40 — 2a} <~y <min{20 + 2a,m}.
Indeed, like the proof of Theorem 2.3.5 we have that

H@a—umﬁvzHﬁﬂﬂBaf—y)

?
Y«

hence by (2.35) for v = ;2::}

20+4+2a— ‘ ‘

H@@—UMMVZHB“ngﬂBXf—y)

Set t = %7 and note that by the assumption on v we have that ¢ €

[0,1]. Then by (2.41) we have that
]W%fwMJhgcxﬁ%%& ¢>0. @)
Like before, there exists v € H such that (i7) holds and

rT(B)B2era)y

[lura —ull], =

Y
Y«

hence by (2.35) for v = 2~

20+«
[[ura = '], = || BEEF= L (B)o|.

Set i = 52— ) and note that by the assumption on v we have that u €

v
2020+
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[0,1]. Then by (2.40) we have that

[|una = ul], < ez [Jo]]. (iid")

Combining (i') and (iii") we get the desired result for A ~ S

Note that for fixed m, if we allow convergence in weaker norms, i.e.
v < 0, we get faster rates, as one would expect. Likewise, if we require

convergence in stronger norms, i.e. v > 0, we get slower convergence rates.



Chapter 3

The Laplacian-like Inverse

Problem

In this chapter we examine the ”Laplacian-like” inverse problem, defined
in Section 1.2.2, using a generalization of the Tikhonov Regularization
in Hilbert Scales method. In Section 3.1, we first define the generalized
regularized approximation which is motivated by the Bayesian approach
to Inverse Problems and then provide sufficient conditions for the conver-
gence of it to the best-approximate solution, as the noise disappears. Note
that in the ”Laplacian-like” problem the best-approximate solution is the
true solution, as we have seen in Remark 2.1.8. In Section 3.2, we make
additional assumptions on the algebraic structure of the noise and the true

solution and provide convergence rates for the proposed method.

3.1 A Generalized Tikhonov Regularization

Let o, 3,7 € R and ¢ > 0. Consider the inverse problem
y = Ku', (3.1)

where uf,y € HY and K = A~ : H” — H", with A satisfying the Assump-
tion 1.2.1.

Assume we have observations of (3.1), polluted by some additive noise

45
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n € HP, of known magnitude
y’ = Ku' 41, |nl|; = cd. (3.2)

Assumption 3.1.1. We concatenate the assumptions we have in this sec-

tion:
A1) The observations are polluted by additive noise, n € H®, such that
[Inllg = ¢d.

A2) The operator K is a negative power of A,
K=A"0>0,

where A is ”Laplacian-like”, as defined in the Assumption 1.2.1 in
Section 1.2.2.

A3) We have the a-priori information that u' € H?, thus we view K as
K:H—H.
We generalize Naterer’s idea as described in Section 2.2.3 by allowing

weighted norms in the least squares term too and approximate u' by the

minimizer, u™’, of the generalized Tikhonov Functional:

1 A
(W) = 5 ||y = Kul[;+ Sl A>0, (3.3)

5 .
ul = arg min / u).
A g Nays (1)

Our proposition is based on the fact that in the Bayesian approach (cf.
(4.13) in Section 4.1), the posterior mean is the minimizer of Tikhonov
functionals of this form, i.e. which involve weighted norms in both the

least squares term and the penalty term.

Remark 3.1.2. Note that in order for the Tikhonov Functional I , s to be
finite, it is necessary that y° € H”. This imposes the condition 3 < v+ 2/.
Indeed, since by the Assumption 3.1.1(A1) we have that n € H?, the
requirement 3° € H? is equivalent to Ku! € HP. We have, for g, = (u, ¢.),
that

I, < .
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if and only if

2043 2
Z'uk ﬁ‘]k < o0,

which by the Assumption 3.1.1(A3), is equivalent to v > —2¢+ 3. However,
in the case where 3 > v+ 2¢, or even 3 > v + 2¢, we have that the noise
has the same or even better regularity than Ku', thus the polluted data 1°
stay in the range of K, which by Lemma 1.2.3 is H?*?‘. Since by Lemma
1.2.3 K : HY — H*% is invertible with bounded inverse, the problem in

this case is not ill-posed and no regularization is needed.

Thus, we henceforward have the assumption:

Ad) B < v+ 2L

Lemma 3.1.3. The minimizer of the Tikhonov Functional
1 FY 2 A 2
I)\,a,ﬁ(u):§”y _Kul‘ﬂ+§’|u||a7 >\>O7

over the space H®*, is
0+
H s

P - yk
; o PR A

and for the additive noise model (3.2) considered here,

Z f Mﬁq i r (3.5)

Proof. Using the diagonalization of A, we can express the Tikhonov func-

tional, Iy o3, as

i { — gy “ug) ) + Aukuk}

k=1

MIH

I)\a,B

¢
= —Z{Mk ()" + py > Pu — 2u +ﬂy6uk+/\ﬂkuk}

We minimize I, o g(u) by minimizing each term of the series over u,. We
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differentiate with respect to u to get

—2¢ A0 —¢ A0
2N/<;2 +ﬁuk — 21, +Byg + 2 pp g =0,

therefore the minimum of I, , g is attained for

—+5_ 5
A6 _ oy Y

uy, —2¢ o
Since y,‘i = u;eqk ~+ Mk, we have

—2/ —L
uA,é My +BQI€ + py +677k
KT Y o

k-

Remark 3.1.4. Note that under the assumptions (A1)-(A4), u} as defined

in the last lemma, is always well defined and lives in ‘H*. Indeed, since

e >0, Vk € N and A > 0, we have

—204+284+a
[y i
S M + 2Auy, A2
o] —20420B4a s §\2 oo B/ §\2
K, (Z/k;) N Mk(yk)
S ; 2)\/L];2£+ﬁ+a - kz:; 2\ < 00,

since by (A4) we have that y° € H”.

We now provide a sufficient condition on o and v and an a-priori pa-
rameter choice rule, A = A(4), for the convergence of u$ to u', in H?, as

6 — 0.

Theorem 3.1.5. Suppose v < . If A = A\(6) is such that

52
A0) — 0 and W_)O’ as 0 — 0,
then

Huf\—>uTH7—>O, as 0 — 0.
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Proof. By Lemma 3.1.3

o —2048 048 2
e P+
|\ug_uwi—z( )

k=1
_ i Mk‘ 77]4; - )\Mk_qk Z 2 _22“!‘264"7 + 2)\2 204—}—7 ]3
c~ M;;%JFB + Aug —4e+2ﬁ + A2 2a 12\ ;24+g+a
) 2Mk2€+23+7nk o) 2A2 2a+7qz
- +
=1 M A0 N2 20 gy 2P ; p P N2p2e g 2y O

The first term can be bounded in the following way:

0 72€+25+’y 0 —204+20+v, 2 ©  ft+y—a, 2
241y,

since Vk € N, pi > 0 and A > 0.

Ifg+~v—a<pg ie v <a, by Assumption 1.2.1(iii), we have
0 ﬁ+7—a

M T S 1%: 52
D SRl

k=1

The second term for A — 0 vanishes by the Dominated Convergence

Theorem, since for each £ € N

2)\2 2a+’ng

—)
NJ;MHB N )‘QNia P )\Iulzzuma

as A — 0 and for each A > 0, since py > 0, Vk € N we have

222" g XUy o
Ml;4z+2ﬂ a2z +2)\M’;2é+ﬁ+a =T kx>

which is summable because uf € H".

So for v < a and A = A\(¢) such that

A6) —0
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and 52
o) Y

as § — 0, we have the desired convergence of u$ to u' in H7.

Remark 3.1.6.

i) The condition 7 < « in the last theorem, means that we regularize in a
stronger norm than the norm in which we seek convergence, i.e. the norm
in the penalty term, 3 ||u||i, of the Tikhonov functional I, , g, is stronger
than the norm considered as the reference norm. This, as the theorem
states, secures that the penalty term is indeed regularizing and we have

convergence.

ii) The condition 7 < « is a generalization of the condition in Remark
2.3.6(iv), of Section 2.3, which concerns the case v = f = 0. In Remark
2.3.6(iv), for no a-priori information, we require a > 0, A(§) — 0 and
5)\(5)_% — 0, as & — 0. Since 6*A\(§)~! — 0 implies that 5A(5)_ﬁ — 0

for every o > 0, we have the agreement of the two conditions.

iii) For « =y = # = 0, the result of the last theorem agrees with Theorem
2.2.15.

3.2 Convergence Rates

In Chapter 2, in order to deduce convergence rates for the Tikhonov Reg-
ularization, we make a-priori assumptions on the regularity of the true
solution, u' (cf. e.g. Theorem 2.3.5). Here, we model these a-priori as-
sumptions, by imposing additional assumptions on the algebraic structure
of the true solution. Furthermore, we make additional assumptions on the

algebraic structure of the noise, n:

Assumption 3.2.1. Assume that there exist constants ¢y ,c5,c3,ca > 0
and r,h € R such that the Fourier coefficients of the noise n and the true
solution u', m, and q, respectively, satisfy Vk € N
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A5)
- Mk
ey < Lk’ <cy
A6)
~
3323 3

The following theorem exhaustively answers the question whether or not
we have convergence of u3 to u' as § — 0 in H” and provides convergence
rates. Define

a=—=204+234+r+v—2aq,

b=nh+,
c=—40+ 20— 2a.

Note that under the assumptions (A1) — (A6) we necessarily have that
20 < —1

(cf. Lemma 3.2.4). This observation is of interest in order to secure that in
the following theorem we exhaust all the possible combinations of a # f3.
Define
ey = |[ud _“THV-
Theorem 3.2.2. Assume a # b
1) Suppose ¢ > 0:

A) If 2a — 2¢ > —1 then € does not converge to 0 as § — 0.

B) If 2a — 2¢ < —1 we have convergence and for the parameter
choice A =0
[[u — uTH7 = 0(9).

2) Suppose ¢ < 0:

A) If2a —2c¢ > —1 and 2b—2c¢ > —1:
i) If 2a > —1 then € does not converge to 0 as § — 0.
i) If 2a < —1 we have convergence and for the parameter

. ¢
choice A = §bFc—a

2b+1

Huf\ — uTH7 = O(020Fe=a)),
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B) If2a —2c = —1 and 2b—2c = —1 we have convergence and for

the parameter choice A = 9
[ul — uTH7 = 0(0+/]logd]).

C) If 2a—2c < —1 and 2b—2c < —1, we have convergence and for

the parameter choice A = 6

Hui — uTH = 0(6).

Y

D) If2a—2c < —1 and 2b—2c > —1, we have convergence and for

the parameter choice A = PEzas

Hui - uTH,y = 0(9).

E) If2a —2c < —1 and 2b— 2c = —1 we have convergence and for

the parameter choice A = §
[u — uTH,Y = 0(0+/]logd]).

F) If2a —2c > —1 and 2b—2c < —1:

i) If 2a > —1, then € does not converge to 0 as 6 — 0.

ii) If 2a < —1, we have convergence and for the parameter

choice A = 64c—22ﬁ
2%
Hui - ’U,T‘ "y — 0(64(:—2(1—1).
G) If 2a — 2¢ > —1 and 2b— 2c = —1:

i) If 2a > —1 then € does not converge to 0 as § — 0.

ii) If 2a < —1 we have convergence and for the parameter

i 2c
choice A = fac—2a—1

| — [, = O(6%=%=1 /Tlog a]).

H) If2a —2c = —1 and 2b— 2¢ < —1 we have convergence and for
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the parameter choice A = ¢
Hui - uTH7 = 0(0+/]logd]).

I) If 2a —2c = —1 and 2b—2c > —1, we have convergence and for

the parameter choice A = STiT
o ||, = O3/ Tlogal).

The rates of convergence are sharp and the a-priori parameter choice
rules in cases (1B), (2Aii), (2C), (2Dii) and (2F'ii) are chosen in an opti-

mal way.

The different cases distinguished above regarding the values of a,b,c,

exhaust all the possibilities for a # b.

Before proving Theorem 3.2.2, we state and prove the following lemmas:

Lemma 3.2.3. Let A € (0,1). Then we have the following estimates for

the integral
o0 xe
I := —d
/1 (x¢+ )2 o

i) If e —2c < —1, then I = Kk, where k is independent of \.
ii) If e —2c > —1, and e > —1 then I = 400.

iii) If e —2c > —1, e < —1 and ¢ < 0, then

M
Ie|= M
]

where
e—2c+1

2\ ¢ 1

(et D(e—2c+1) e—2c+1°

w) Ife—2c=—1, e < —1 and ¢ <0 then

N
e |~ N
“ [T
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where
~ log A 1

N : .
c e+1

Proof. Fix A € (0,1).
i) A > 0, therefore

o xe o0
1 §/ —dx :/ €%,
1 x%e 1

where the last integral is independent of \ and finite since e—2¢ < —1.

ii) If ¢ <0, then since A < 1 and = € (1,400), we have that (z°+\) < 2,
therefore o .
1> / oy = ~+00,
1 4

since e > —1.
If ¢ > 0, then since A < 1 and = > 1, we have (x4 \) < 2z¢, therefore

1> C’/ 7 %dr = 400,
1
since e — 2¢ > —1.

iii) By the change of variables y = /\_%:1:, dr = )\%dy, we have

e

> Ie 0 )\Eye 1 et+1—2c /OO ye
S E—— T Nedy=\"¢ —7
[ s vy v SN

—\ (/1 Y —dy + /OO Y _dy)
At (ye+1)2 o (e +1)2 7

1 .
where \™¢ < 1, since ¢ < 0.

We now estimate the two integrals separately:

a) For A"t <y <1,¢<0, wehave 1 <y° <\

= y20 S (yc+ 1)2 S 4y20
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b) Fory > 1, ¢ <0, we have 0 <y <1

=1<(y+1)°<4

=1> 1 >1
To(ye4+1)2 T4
Hence, since e < —1
/OO Y d</oo °d ! (Bi)
= — )
1 (yc+1)2 Y 1 v e+1
and
o0 ye 1/00 . 1 3
—2—dy > - dy = — . B
/1 wr12V=1), VYT T4er (Bii)

Combining (Ai) and (Bi), we get
_e—2c+1

o J,’e e—2c+1 1_ )\ 1
T dr < T _
/1 (mc+)\)2x_ <6—2c+1 e—i—l)

e—2c+1

2NN 1
(e+1)(e—2c+1) e—2c+1




56 CHAPTER 3. THE LAPLACIAN-LIKE INVERSE PROBLEM

and combining (Aii) and (Bii) we get

* e 1
dr > -
1 (ze 4+ N)? 4 e—2c+1 e+1

e—2c+1

cA e 1 M

2e+1)(e—2c+1) 4(e—2c+1) 4

iv) Just like in case (iii), we have:

[e'e] € 1 ye fe') ye
———dx :/ —dy+/ ——dy,
/1 (z¢+ A)? At (ye+1)2 o (ye+1)?

e+1—2c

where A\ ¢ =1, since e—2¢ = —1. Again like (A7), (Aii), (Bi), (Bii)

of (ii7) we have:

1 e 1 1
) e—2c -1 10g>‘ .
< [y = [ - Al
/A—z (r+ 12 = i = oW

and

1 e
Y 1
T qu> =
/A—é r12? =1

and

Combining (Ai") with (Bi) and (Aidi’) with (Bii) we get the desired

result.
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Lemma 3.2.4. Under the assumptions (A1)-(A6) we have the following
conditions on r and h:

r<———0, (3.6a)
h<—=—17. (3.6b)
Proof. By Assumption 3.1.1(A1) we have that n € H”, therefore:

i) If 5 > 0, from (A2) we have zf > (c7k2?)? and from (A5) we have
nE > (cy 0k™)?. Thus, there exists ¢3; > 0 such that

o o0
Inll% = wing > 62 e k22
k=1 k=1
(oo}
S PSR <} < too
k=1

1
= 260+2r<—-1 = 7"<—§—ﬁ.

ii) If # < 0, from (A2) we have ) > (¢fk?)? and from (A5) we have
n? > (cy 6k™)% Thus, there exists cj; > 0 such that

Inll5 =D i = 6%y e k>,
k=1 k=1
hence, like in case (i) we have
1
<—=—4.
r 5 B

By Assumption 3.1.1(A3) we have that u' € H?, therefore:

i) If v > 0, from (A2) we have ] > (c;k?)” and from (A6) we have
v k 1
¢ > (c3 k™)?. Thus, there exists c3; such that

o0 o0
HuT‘ ’i = Zu%qz > Zc§1k2v+2h
k=1 k=1

o0
= 5 Zkhwh < HUTHi < 400
k=1
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1
= 2y+2h<-1 = h<—§—’y.

ii) If v < 0, from (A2) we have p] > (¢fk*)” and from (A6) we have
q¢ > (c3 k™% Thus, there exists c§; > 0 such that

o0 oo
I =3 ek = 3k,
k=1 k=1
hence, like in case (i) we have

1
h<—=—n.
2 /Y

Lemma 3.2.5. We can split the solution error in three parts:
Hu)\—u H —[1+[2+[3

where 2252
O 72020 2
_ oy U
L

—20+B—a ’
k=1 (Mk 0 +/\)2

2 i quz
I2 A —20+F—«
k=1 (/“Lk; 0 + /\)2

and
—A+B+y—a

_ g, Nk
- —2)\2 T

Proof. By Lemma 3.1.3

2
o [ _204p a
qr + My, Mk 5
HUA —uf|[) = Z e o« Qk> M
=1 ( + Ay,

o0 . /\ 2 o0 —L+B— a )\ 2
_ Mk m; [ Gk Wl = Z M Ak 7
= 7 E— 7 k
k=1 “kQ Py Apy; k=1 Mkz +ﬁ T+ A

00 —l+p+1-a 2
(uk 2N — AL G
1

—20+B—«

2
=hL+L+1;
Hy +A

k=
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Lemma 3.2.6. Let A € (0,1). There exist My , My, My , My, My , My >

0, such that
) o0 L2a Lo o0 L2e
M6 — < [ <M —
! ;(k‘c—i—)\)Q_ = ;(kc—i—)\)Q
) 0 k% o 0 k,2b
My A ——— <L <My —_—
29> (ke+A)2 =2 Zl (ke + \)?
k,aer
My Aaz <]Ig|<M+>\52—/\)2

where a,b and ¢ are defined before the statement of Theorem 3.2.2.

Proof. By (A2) we have Vk € N:

(Cil->72€+25+772ak74€+45+2’yf4a, Zf —90 + 26 +y— 200> 0

(3.7)

—20+26+y-20
Ky — { (le)—2(-1—25-&-7—204k—4€—&-45+27—4a7 Zf _264‘26"‘7 —20<0

c
M;QZ-}—Z,B—M—?& > { (c

< (e )E>, if 7=>0
P ()R, if v <0

> (L), if v>0
T )k, if v <0

e =

—)—2€+25+’Y—2@]€—4Z+45+27—4a’ Zf —9¢ + 26 + v — 200 2 0
(Cii-)72€+2ﬁ+’y72ak745+4ﬁ+2'yf4a’ Zf —20 + 26 +q— 20 < 0

+B+y—a { (cf )" HHFtmag=2tt2t =20 G f 4+ B4+y—a>0

oy, >

(cp) At —ap=2042842y =20 g g1 34y —a <0

Bty - { (cp)~HHPtymap=24204 =20 if 4 B4y —a>0

and

(ch)~HAt—ap=2426420 =20 g L 34y —a <0
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aprga ) (D) THPTORTIORIT if =20+ f—a >0
k - (Cl—)—2€+ﬁ—ak—4ﬁ+2ﬂ—2a’ if =204+0—-—a<0

—204f—a (cy)2rPmagmtirzom2e, if =20+ f—a 20
k = (cii_)72g+lgfak:74f+2ﬂ72oz7 if —204+B3—-a<0.

Therefore there exist ¢j , ¢y, ca,c5,cg,cq,cq,c7 >0, such that Vk € N:

—7— — —20+2 -2 — —
C4k’ U+46+2v7—4a < 1y +26+y—2a < Cik 4U+40842 4047

—1.2v Y + 7.2

cs K7 < py < cp kT
o, _ — - - —
o | 2420+2y 2 < 1 +8+y—a < cg'k 20+23+2y 2a7

C;kf4e+2ﬁ—2a < ugﬂwwz < C;k*4€+2ﬁ*2a

and since k, A > 0 for ¢ = max {cf,1} and ¢ = min {c¢;,1} we have

C§(k’74e+2ﬁ72a+)\) < MIZZZJrﬁfa +\ < Cék(k74é+2672a+)\>.

By (A5) and (A6) we have

(e P <t < ()

(c5)2k*" < g < (c3)*k*"

and
¢y e KM < |qilme| < 0cged kM

Vk € N.
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We define

o al(g)
M- = 4\
' (cg)*
y- Gl )
? (cg)
Cp Coy Co
Moo= 892%
()

to get the inequalities (3.7), (3.8) and (3.9).

61
M+ . CI(C;)2
()
M+ _ C;(C;P
2 )
(cs)?
e
(&)
]

We now give the proof of Theorem 3.2.2:

Proof. By Lemma 3.2.5 we can split the solution error:

H“A‘“ H

=1+ 1+ I3

Since a # b and a + b < max{2a,2b}, by Lemma 3.2.6 it follows that

whether we have convergence or not

of u™° to u' in H”, depends only on I,

and [5. The inequalities (3.7), (3.8) and (3.9), imply that in the cases where

we do have convergence, the rate of convergence is the slowest rate of the

rates of convergence of I; and I, to 0, since the rate of convergence of I3 is

always the fastest. Furthermore, they imply that the rates of convergence

are sharp.

The following inequality holds:

/1xc+A chﬂ

=1

oo 2a
Ji =& / S
1 1 (@ A)?

Then, by (3.7) and (3.8)

Define

1 *° €
( NSVE +/1 —(xc+)\)2d:v. (%)

J2_)\2/Oox—2b'
1 (e +A)?
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and \
(14 )2

Since, in order to have convergence of both I; and Iy, as 6 — 0, we need

Jy < Iy < + Js.

a parameter choice A = A(d) — 0, we have that I; converges to 0 if and
only if J; converges to 0. By Lemma 3.2.3, the integrals in J; and J; are
in general A\-dependent and do not converge to 0 as A — 0. Thus, the
convergence rate of J; is slower than O(6?) and the convergence rate of .J
is slower than O(A\?). Hence, the term 7z on the right hand side of in-
equality (x), doesn’t affect the convergence rates, since it always converges
faster than J; and J,. Consequently, the rates of convergence of I; and J;
are identical, ¢ = 1,2, therefore we can examine the rates of convergence

of Jz
Suppose ¢ > 0.

Since ¢ > 0, we have that 2b — 2¢ < —1.

A) If 2a — 2¢ > —1, then 2a > 2a — 2¢ > —1 and so by Lemma 3.2.3

J1 = o0, therefore we do not have convergence.

B) If 2a — 2¢ < —1, then since 2b — 2¢ < —1, by Lemma 3.2.3 we have
that J; = 62C and J, = A2C, so we do have convergence and for the

parameter choice A = 4, we have

Hu‘; — uTH = 0(0).

v

Suppose ¢ < 0:
A) If 2a —2¢ > —1 and 2b —2¢ > —1:

i) If 2a > —1 then by Lemma 3.2.3 we have J; = 0o, therefore we

do not have convergence.

ii) If 2a < —1, then since 2b < —1, by Lemma 3.2.3 we have
Jy e [5%,5%\@], Iy € [VMb,VMb] where

4

2a—2c+1
c

B 2cA 1
T 2a+1)(2a—2c+1) 2a—2c+1’
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S0 2a— 2c+1
S — 2002 N ¢ 52
“ (2a+1)(2a—2c+1) 2a—2c+1
and 20)\21) 2c+1 1
Mb = - )
(2b+1)(2b—2c+1) 2b—2c+1
SO

2b41

2\ B 2
(20+1)(2b—2c+1) 2b—2c+1

AN2M, =

Since 2a — 2¢ > —1 and ¢ < 0, we have 2“_—3“1 < 0, therefore
J 0(62)\20, 2c+1).
Since 2b — 2¢ > —1 and ¢ < 0, we have %T+1 < 2, therefore
Jo = O(\T).
Define
¢()\) . 62)\2& 2c+1 )\217;}»1.

We want to choose A = A\(d), in order to minimize ¢ and get the

optimal convergence rate:

2a—3c+1 2b+1 c

(ﬁ%/\) = 01(52/\ ¢ 02/\

therefore the optimal choice is A = 57—, which gives that

Ji, Jo = O(ébibjja). Consequently for A = §ire—a we have
|ud — ]|, = O(g7a).

Note that since 2a —2¢ > —1 and 2b < —1 = —2b > 1, we have

that 2a — 2c — 2b > 0 therefore b+ ¢ — a < 0. Consequently

2b+1
2(b+c—a)

> (0 so we do have convergence, as  — 0.
In addition, note that 2a —2¢ > —1 = 2c—2a < 1 = 20+ 2c —

2a < 1+ 2b, thus since 2b + 2¢ — 2a < 0 we have 20_3’;&2(1 < 1.

B) If 2a — 2¢ = —1 and 2b — 2¢ = —1, then since ¢ < 0 we have
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that 2a < —1 and as always 20 < —1. By Lemma 3.2.3 we have
Ji € [%,52]\@], Jy € [@,)\2]\@] where

Nazlog)\_ 1 7
c 20+ 1
SO
21 2
52Na:6 og)\_ )
c 2a + 1
and oo \ )
0og
Ny = —
T e T 2t 1
" Mlogh A2
NN, =80 2
c e+1

We thus have that J; = O(6%logd) and Jo = O(A\log \), there-

fore for the parameter choice A = §, we have

Hui - uTH7 = 0(0+/]logd]).

Hence, we do have convergence since 6?logd — 0, as 6 — 0.

If 2a — 2¢ < —1 and 2b — 2¢ < —1, by Lemma 3.2.3 we have
that J; = 6%k, Jo = A2k, so we have convergence and for the
parameter choice A = 9, we have

Hu‘; — u*”v = 0(0).

If 2a — 2¢ < —1 and 2b — 2¢ > —1, then since 2b < —1, by

Lemma 3.2.3 we have J; = O(6%) and J, € [’\24M, )\QM}, where

2b—2c+41

2T ¢ 1
(20+1)(20—2c+1) 2b—2c+1

SO
2b+1

2
20— 2¢cA B A ‘
(20+1)(20—2c+1) 2b—2c+1

Since 2b — 2¢ > —1 and ¢ < 0 we have 21’7“ < 2, therefore

2b+1
c

Jp = OV,
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Note that since 2b < —1 it follows that %TH > 0, hence we do
have convergence.
For the parameter choice A\ = 5%, we have Ji,Jo = O(6?)

therefore
Hui — 2ﬁ‘|7 =0(9).

E) If 2a — 2¢ < —1 and 2b — 2¢ = —1, then since 2b < —1, by
Lemma 3.2.3 we have J; = O(6?) and J, € [)‘QTN, )\2N}, where

Nzlog)\_ 1 ’
c 2b+1
SO
21 2
/\2N:)\ ogA A '
c 20+ 1
Thus

Jo = O(N\?log \).

For the parameter choice A\ = § we have J; = O(6%),.J, =
O(6?log d), therefore

Hu‘f\ - uTH7 = O0(6+/]logdl),

hence we do have convergence since §%logd — 0, as § — 0.

F) If 2a —2¢ > —1 and 2b — 2¢ < —1:

i) If 2a > —1, then by Lemma 3.2.3 we have .J; = oo, therefore

we do not have convergence.

ii) If 2a < —1, by Lemma 3.2.3 we have J, = O()\?) and J; €
[52M, 62]\4, where

4

2a—2c+1

2e\ e 1
(2a+1)(2a —2¢+1) 2a—2c+1’

SO
2a—2c+1
c

2¢62\ 62

§°M = - :
(2a+1)(2a —2c+1) 2a—2c+1
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Since 2a—2c¢ > —1 and ¢ < 0 we have 2“_—30“ < 0, therefore

2a— 2c+1

Jy = 082N,

Define
2a— 20+1

d(N) = 3N ¢+ AL

We want to minimize ¢ in order to get the optimal choice

for the regularization parameter \:

2a— 3c+1

¢/<)\) = 61(52)\ + Cg)\,

therefore the optimal choice is A = § =271 which gives that

Ji, o = 0(54&426&*1 ). Consequently, for A = 5331 we have
Huf\ — uT‘ ‘7 = O(c?ﬁ).

Note that since 2a — 2¢ > —1 and ¢ < 0, we have that
2c—2a—1<0and 4c—2a—1 <0, therefore 7 >0,

so we do have convergence as  — 0.

In addition note that 4c —2a — 1 < 2¢, so since 4¢ —2a — 1,

2c

15— < 1, hence the convergence is slower than O(9).

G) If 2a —2¢ > —1 and 2b — 2c = —1:

i) If 2a > —1, then by Lemma 3.2.3 we have J; = oo,

therefore we do not have convergence.

ii) If 2a < —1, then since 2b < —1, by Lemma 3.2.3 we
have that J, € [%M 52M} and J, € [ﬁN, A?N} where

2a— 2c+1

B 2\ ¢ 1
 (2a+1)(2a—2c+1) 2a—2c+1

SO

2a— 2c+1

20020 ¢ 52

M = -
(2a+1)(2a —2c+1) 2a—2c+1
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and
N:log)\_ 1 ’
c 2b+1
SO
/\ZNzx\Qlog)\_ A2 '
c 2b+1
SinceQa—2c>—1andc<0wehavethat2“’—§c+1<O,

2a—2c+1

thus J; = O(?A™ ¢ ) and J, = O(M\%log \).
For the parameter choice A\ = § 40722271, we have that

Jp = 0(546742371) and Jy = 0(546742271 log §), hence

|3 — ]|, = 0@ /Tlogd]).

Note that since 2a — 2¢c > —1 and ¢ < 0, we have that

2c—2a—1 < 0 and 4c—2a—1 < 0, therefore 40_222_1 > 0.

Since 6?logd — 0, as § — 0, we do have convergence.

In addition note that 4c—2a—1 < 2¢, so since 4c—2a—1,

2c
4c—2a—1 <1l

H) If 2a—2¢ = —1 and 2b—2¢ < —1, then since ¢ < 0, we have
2a < —1, thus by Lemma 3.2.3 we have J; € [‘SZTN,62N]
and Jy = O(A\?), where

N:log)\_ 1 7
c 2a + 1
SO
62N:5210g)\_ 5> .
c 20+ 1
Thus

Ji = O(6%log ).

For the parameter choice A = §, we have J; = O(6%*logd), J, =
O(6?), therefore

|1} = u||. = O(6+/]10g d]),

hence we do have convergence since §%logd — 0, as § — 0.
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I) If 2a — 2¢ = —1 and 2b—2¢ > —1, then since ¢ < 0, we have

2a < —1 and as always 2b < —1. By Lemma 3.2.3 we have
Ji € |2, N and Jp € |22, 32M], where

o i
(26+1)(20—2c+1) 2b—2c+1

S0 2041
\20 2c\ e A2
26+ 1)(2b—2c+1) 2b—2c+1’
and
N log A 1 ’
& 20 +1
SO
2N — 0?log\ ¢
c 2a +1°
Since 221 < 2 we have that J; = O(6%*log)) and Jo =
O()\Qb:r1 ). For the parameter choice \ = 52’%1, we have that

Ji = O(6%log §) and Jo = O(6?). Thus,

Hui — uTH7 = O(d+/|logd|)

and we do have convergence since §?logd — 0, as § — 0.

m
Remark 3.2.7. We replace «, 3,7,¢,r, h in a, b, c to get:
20 = —40 + 46 + 2r + 2y — 4a,

2a — 2¢ = 40 + 2y + 2r,
2 = 2h+ 2y < —1

and
2b —2c =80 — 48+ 4a + 2h + 2.

i) Fix «, 8,7, ¢, h, where by (A4) < v+ 2¢. If the noise is smooth enough,

i.e. r is small enough, so that 2a — 2¢ < —1 or equivalently

40+ 2y +2r < -1
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1
<:>r<—§—’y—2€,

then we are in one of the cases (1B), (2C), (2D) or (2E), thus we always
have convergence and depending on the values of ¢ and 2b — 2¢, we have a
convergence rate O() or O(31/[logd[). This was expected, since the con-
dition r < —3 —~— 20 secures that n € H**?, therefore since Kul € H7%
we have that y° € H 2. As we have already observed in Remark 3.1.2,
in this case, by Lemma 1.2.3 we have that K : HY — H "% is invertible
with bounded inverse K !, thus the problem is not ill-posed and no reg-
ularization is needed. Since a linear bounded function is also Lipschitz

continuous, we expected the convergence rate of O(6).

ii) Fix o, 3,7, ¢, 7, where by (A4) 8 < v + 2¢. If the true solution u' is

smooth enough to have 20 — 2¢ < —1 or equivalently
8¢ — 408+ 4o+ 2h + 2y < —1,

then we are in one of the cases (14), (1B), (2C), (2F') or (2H). We do not
always have convergence which was expected, since even if the true solution
is very smooth, we need to regularize in a strong enough norm for this to
help. Indeed, for « large enough, we have that ¢ < 0, thus the cases (1A)
and (1B) are eliminated and 2a < —1 thus (2Fi) is eliminated and in all

the other cases we do have convergence.

iii) Fix §,v,¢,r, h, where by (A4) § < v+ 2¢. If we regularize in a strong
enough norm, i.e. if o is large enough to have ¢ < 0 and 2a < —1, then we
are in one of the cases (24ii), (2B), (2C), (2D), (2F), (2Fi), (2Gii), (2H)
or (2I), thus we always have convergence regardless of the regularity of the

noise.

iv) Fix «a, 3,7, h,r, where by (A4) B < v + 2¢. If the operator K is too
smoothing, i.e. if £ is very large, we have that 2a < —1, 2a —2¢ > —1,2b—
2¢c > —1 and ¢ < 0. Therefore we are in the case (2A4ii) and we have
convergence with convergence rate O(d %) Sinceb+c—a=h—r—/

and 2b+ 1 < —1, we have that for large enough values of ¢, the exponent
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2b+1
2(b+c—a)

becomes very small and in fact

) 2b+1

lim —— =

{—00 2(b +c— a)
This means that as the forward operator becomes more smoothing, the
convergence rate becomes slower, which was expected since the smoother
the forward operator the more difficult it is to invert. As it is highlighted
in [5], "whenever a forward problem has smoothing properties one has to
expect the appearance of oscillations coming from small data perturbations

in the solution of the inverse problem”.

v) We now check that our rates are consistent with the rates of Theorem
2.3.5 in Section 2.3. In Theorem 2.3.5 we have 3 = v = 0 and fixed a > 0.
As stated in Remark 2.3.6(iii), Theorem 2.3.5 provides the best possible
rate, 0(5351733)7 for the a-priori information uf € H**2* In the setup
that we have here, we model the a-priori assumption uf € H**+2* by the
assumption

h < —% — 40 — 2,

where h is assumed to be arbitrarily close to —% — 40 — 2a. Observe that
this assumption actually implies that uf € H*T2°+¢ for a small € > 0.
Since we do not have any a-priori assumptions on the regularity of the

noise, we set r < —% with r arbitrarily close to —%. Then
2a —2c =4 +2r > —1
and
20 = —40 + 2r — 4o < —1,

since we assume that r is arbitrarily close to —% and ¢ < 0, > 0 are fixed.

Furthermore,
2b —2c =80+ 4a+2h < —1

and
c=—40 —2a <0,

thus we are in the case (2F'%i) and we have convergence with convergence
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rate
2c

O(675T),

Observe that
2¢ 40 + 2«

dc—2a—1 60+2a+r+73

where r + % is negative but arbitrarily close to 0. Consequently, we get a
convergence rate, which is very close, but slightly faster than the conver-
gence rate provided by Theorem 2.3.5. The fact that our rate is slightly
faster, is attributed to the fact that by assuming that r < —% with r ar-
bitrarily close to —%, we are in fact assuming that n € H¢ for some small
€ > 0, thus we have a-priori information on the regularity of the noise.
Note that even if we allow h to get smaller, thus assuming even more reg-
ularity on u', we do not get a faster convergence rate, since we stay in
46722* which suggests that the
Tikhonov Regularization in Hilbert Scales method for a« > 0, § = v = 0,

the same case and h does not appear in

saturates for u' € H**+2* again in agreement with Theorem 2.3.5.

vi) Fixa=~=0, {=1,h=—-10 < —1 and let

B=0<2/
and 1 5 1
—— —2=—— =-2<——.
5 14 5 <T <5
Then 2a —2c¢ =0 > —1, 20 — 2c = —12 < —1 and 2a¢ = —8 < —1, while
¢ = —4 < 0, thus we are in case (2Fii) and we have convergence with

convergence rate O(éﬂbfs—a)) = 0(83).

If we change 3 to 8 = 1, then r = —2 is still admissible since —2 < —% -1
and we have 2a —2c =0 > —1, 2b —2c = —16 < —1, 2a = —4 < —1
and ¢ = —2 < 0. Hence, we are again in case (2F%i) and we have conver-
gence with convergence rate O(éﬁ) — O(65), i.e. with a slower rate.
Thus in this case if the norm where we measure the data error, becomes
stronger, i.e. if the least squares norm becomes stronger, we have a slower

convergence rate.

To understand why this makes sense, note that for larger 3, the contri-
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bution of the least squares part to the Tikhonov Functional becomes more
important related to the regularization term, thus the effect of regulariza-
tion becomes smaller and continuity with respect to data is less enforced,

hence we have slower convergence rates.

Furthermore, if we are in case (2A7i), thus we have convergence with

convergence rate
2b+1

O(6Zre=a )

and we change (0 in a way that does not take as to another case, there is

2041
2(b+c—a)"

no change to the convergence rate, since 3 does not appear in

This can be interpreted by the fact that in order to move from (2F'ii) to
(2A17), i.e. from 2b — 2¢ < —1 to 2b — 2¢ > —1, it means that either 3 got
smaller, or o got larger if everything else is fixed. Thus this observation
suggests, that for strong enough regularization norm, i.e. for large enough
«, the regularizing effect of the penalty term is not affected from small

changes in f3.

vii) Suppose that we are in case (2Aii), thus we have convergence with

convergence rate

O(570+ea),

Then, as noted in the proof we have 2b4+1=h+v4+1 < -1l and b+c—a =
h—20—r < 2b+1, thus if we allow v to decrease by a small amount which
does not take us to another case, we have that 2b+1 < —1 becomes smaller
while b+ ¢ —a < 2b+ 1 < —1 remains unchanged, hence we have a faster
convergence rate. This agrees with the intuition that convergence in weaker
norms should give faster rates, even though sometimes this is not strictly
true: suppose that we are in case (2F%i), thus we have convergence with

convergence rate

O(&Q(bf;@ )

Then, if we allow v to change by a small amount which does not take us to
another case, there is no change to the convergence rate since v does not

: 2c
appear 1 2bte—a)’
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viii) Finally, note that in cases (2Aii), (2F%) and (2Gii), if we set a = —3

the rate of convergence does not degenerate. This happens because the
problem with a being equal to —%, is independent from A (hence from §),
since it originates on the constant multiplying A\2¢~2¢*! in the expression

of M,.
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Chapter 4
The Bayesian Approach

In the previous chapters we have presented deterministic regularization

methods which approximate the solution u of the inverse problem
y=Ku, uwelX, yeYy, (4.1)

where K is a linear, compact and self-adjoint operator and X, Y are Hilbert
spaces. More precisely we have considered the case where our observation

y is polluted by the presence of some additive noise 7
Y’ = Ku+n (4.2)

and we have the knowledge that the norm of the noise is less than . We
have shown convergence rate results for the convergence of the Tikhonov
regularized approximate solution u} to the true solution u', as the noise

disappears,

[|u =3[ = O(1 (8)).

which is an accepted quality criterion for a deterministic regularization
method.

The deterministic theory of inverse problems can be criticized for the
fact that the aforementioned convergence results depend on a norm bound
of the noise which is a worst-case scenario [13]. It is often the case that
we have more available information than a norm bound on the size of the
noise, or the space where the solution lives in. In particular, we may have

information on the statistical structure of the noise and of the solution.

75
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Furthermore, the choice of the norms ||.||,, s = a, 3,7, used in the pre-
vious chapter is somewhat arbitrary and not clearly linked to modelling

assumptions [20].

In the first section of this chapter we give a brief presentation of the
Bayesian approach to inverse problems, which addresses the issues men-
tioned above in a promising way. A more extensive introduction to the
area is available in [20] and [15]. In Section 4.2 we prove posterior con-
sistency results. As in the previous chapters, we adopt a Hilbert space
setting. A short presentation of the tools from Probability and Measure

Theory used in this chapter, is provided in the Appendix in Section 4.3.

4.1 A Change of Perspective

The main innovation in the Bayesian approach to inverse problems is that
we express all the quantities in the model as random variables. We express
our prior beliefs about the solution of the problem in the form of the prior
distribution, jig, which is the distribution of u. Our knowledge of the sta-
tistical structure of the noise is expressed in terms of the noise distribution,
P, which by equation (4.2) provides the distribution for the observations
y given the solution u, P“, called data likelthood. Note here that we will

always assume that 1 and u are statistically mutually independent.

Together, the prior distribution on u and the distribution of y|u (equiv-
alently the distribution on 1) specify a joint distribution for the pair (u,y).
In the Bayesian approach the notion of solution is not a single approxima-
tion as it is in the deterministic theory. The solution is now a probability
distribution on X, the posterior distribution pY, which is the distribution
of uly containing information about the relative probability of the possible

states of the solution u, given the data y.

To give some intuition lets consider the finite-dimensional case, [20].

Suppose we have the inverse problem

y=Ku (4.3)
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and consider the additive noise model
y=Ku+n, (4.4)

where u € R", y,n € R? and K is a ¢ X n matrix.

Assume 7 is the probability distribution function (p.d.f.) of the prior
distribution py on u and that 7¥ is the p.d.f. of the posterior distribution
p?. Let the noise n be a random variable with density p. Then the data
likelihood has density

p(ylu) = ply — Ku). (4.5)

By Bayes formula (Theorem 4.3.11, Appendix), we have that
m(u) o< p(y — Ku)mo(u), (4.6)

which means that the posterior distribution, p¥, has a Radon-Nikodym
derivative with respect to the prior distribution which is proportional to
the data likelihood’s density

dp?

d_/m(u) x ply — Ku). (4.7)

The right hand side is non-negative, since it is a probability density,
thus we may express it as the exponential of the negative of a function
D (u;y), to get

dpy

. (u) o< exp (=P (u; ). (4.8)

In general the calculation of the posterior distribution is complicated.
We can simplify things by the use of a class of conjugate priors with respect
to the data likelihood, [1]:

Definition 4.1.1. Let F denote a family of data likelihood distributions
indezed by w. A class P of prior distributions is said to be a conjugate
famaly for F, if the posterior distribution ¥ is in the class P for all P* € F
and [y € P.

For instance, since K is linear, the Gaussian family is a class of conju-
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gate priors with respect to a Gaussian observational noise. Indeed, in this
thesis we study only the case where both the prior and the observational
noise are Gaussian. Since we are considering linear inverse problems in
Hilbert spaces, this implies that the posterior distribution is also Gaussian
and we can easily calculate its mean and covariance operator by Theorem
4.3.9 (Appendix).

In finite dimensions things are even simpler: suppose that n ~ N (0, B)

and g = N(mg,Xo), where B and ¥y are ¢ X ¢ and n X n symmetric

) a

2) | (4.10)

positive definite matrices, respectively. Then (4.6) becomes

2 1 1
— —‘202(u—m0)

7 (u) x exp (—% ‘B’%(y — Ku)

and likewise (4.7) becomes

dpy

e (u) o exp (—% )B’%(fy — Ku)

Note that since the logarithm of n¥ is quadratic in wu, the posterior
distribution Y is also Gaussian NV (m, ), where m and 3 can be calculated

by completing the square:
m:mo—i—EoK*(B—l—KZOK*)fl(y—KmO), (411)

Y=Y — SoK* (B + KL K*) 1KY, (4.12)

Observe that the mean of the posterior, m, is a random variable, since it
depends on y which is a random variable. Hence the posterior measure,

1Y, is itself a random variable.

As mentioned earlier, in the Bayesian approach we no longer have a
single solution u of (4.3), but instead we have a probability measure, the
posterior measure, thus we need a way of extracting information from it.
One way of obtaining information from the posterior distribution is to find
the Mazimum a-posteriori estimator (MAP estimator), which is a point u

that maximizes the posterior p.d.f. #¥ [20], [15]. In the above case, the
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MAP estimator is

1
argmin (5 ‘B_%(y — Ku)

2
uER™ ‘

1 _1
+§‘202(u—m0)

2) (4.13)

which is the solution of a regularized minimization problem, similar to the
ones we have examined in the previous chapters and which is recognized

as the posterior mean given by (4.11).

From (4.9) and (4.13), it is already apparent that there is a close relation
of the Bayesian approach in the Gaussian case, with Tikhonov Regulariza-
tion in Hilbert Scales. The posterior mean, is the minimizer of a Tikhonov
Functional with weighted norms and the p.d.f. of the posterior measure,
7Y is the exponential of minus a Tikhonov Functional. In [6], this relation
of Tikhonov Regularization with Bayesian analysis is explored in infinite

dimensions.

In [20], it is shown that (4.8) generalizes naturally to infinite-dimensional
cases. It is demonstrated, [20, Chapter 3], that many inverse problems can
be formulated in the Bayesian approach with the posterior distribution tak-

ing this form.

Furthermore, it is proved that in many problems ®(u; y) satisfies certain
continuity and bound conditions [20, Assumption 2.7]. These conditions,
as it is shown in [20, Chapter 4], secure the existence of the posterior dis-
tribution given by (4.8) together with its stability in the Hellinger distance
with respect to small changes in the data. Similarly it is shown that the
posterior distribution can be approximated by finite-dimensional approxi-

mations of ® or K, again in the Hellinger distance.

Note that the conditions that we require ®(u;y) to satisfy, are prop-
erties of the forward problem and they have nothing to do with inverse
problems or probability. As it is demonstrated in [20, Chapter 3], proba-
bility comes into the picture through the choice of prior measure pg: the
conditions on ®(u;y) are satisfied on a Hilbert space X. For formula (4.8)
or its generalization to hold, we need the prior measure j to charge the

space X with full measure, (X )=1.
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This choice of the prior, which is not arbitrary since it depends on
the forward problem, along with the statistical properties of the noise,
determine the norms that appear in the relations (4.9), (4.10) and the MAP
estimator (4.13) and also their generalization in infinite dimensions. Thus,
the Bayesian approach provides a logical way of choosing the norms in the
Tikhonov regularized approximation of the solution of the inverse problem
(4.2), which can replace the somewhat arbitrary choice that we have in the

deterministic setup.

4.2 Posterior Consistency - Small Noise Limit
Suppose we have the inverse problem
y=Ku, ueX, yey, (4.14)
which is polluted by noise and consider the data likelihood model
y=Ku+n, (4.15)

where n ~ N(0,C)), C; = 62C} and C] is a self-adjoint, positive defi-
nite, trace-class operator. In addition, assume that u ~ AN (mg, Cy) where
Co = 72C} is a self-adjoint, positive definite and trace-class operator. As
we have already mentioned, using Theorem 4.3.9(Appendix), we can show
that the posterior distribution is also Gaussian and we can calculate its

mean and covariance operator m and C respectively, which depend on
mo, C(), Cl, K and Y.

In this section we examine the behaviour of the posterior measure as
the size of the noise, which is modelled by its covariance operator, tends
to 0. This small noise limit provides another link between the Bayesian
and classical approaches and is a test of the consistency of the posterior

distribution.

According to Diaconis and Freedman [4], Bayesian statisticians can be

divided in two categories: the ”classical Bayesians” like Laplace and Bayes
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and the "subjectivists” like de Finetti and Savage. Classical Bayesians’
point of view is that there exists a true solution which we want to estimate
from the noisy data and prior beliefs about the solution are modelled by
the prior distribution. On the other hand, subjectivists do not accept the
existence of a true solution and for them probabilities represent only de-

grees of belief.

Posterior consistency is clearly of interest to the classical Bayesians: as
the observations get more and more accurate the posterior should converge
to a Dirac on the true solution. We now provide a test which formalizes
this notion of posterior consistency for the Gaussian case considered in this

thesis.

Assume that we have measurements of problem (4.14) of the form
y° = Kul + 8¢, (4.16)

where & ~ N(0,C1); that is, suppose our measurements come from the
particular data likelihood model (4.15) for n = d¢. Note that the posterior
distribution depends on ¢ in two different ways: through its dependence
on 1°, since it is the conditional distribution of u given 3° and through
the appearance of ¢ in the covariance operator of the data likelihood, .
Classical posterior consistency tests examine the behaviour of the posterior
distribution ,uy% as both the observations and the data likelihood model

become more and more accurate:

Definition 4.2.1. For a given u' € X, the pair (uT,uyé";) is consistent
in the frequentist bayesian sense, if as § — 0, uy5’5 converges weakly to a

Dirac measure on ul, &-almost surely.

We define another classical posterior consistency test, which as the ob-
servations and the data likelihood model become more and more accurate,
allows the prior to concentrate on the prior mean. This test originates
from (4.9) and the observation that in finite dimensions, for the Gaussian
case, the posterior distribution is proportional to the exponential of a func-
tional which resembles the Tikhonov Regularization functional and where
the penalty term of the Tikhonov functional only relates to the prior distri-

bution. Thus, in accordance with the classical regularization theory, where
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in order to get convergence as the noise fades away we allow the regulariza-
tion to disappear in a carefully chosen way (cf. Theorem 2.2.15, Theorem
3.1.5), here too we allow the covariance operator of the prior to go to 0. We
implement this by allowing the parameter 7 to be d-dependent, thus the
posterior distribution now depends on ¢ in an additional third way: through

its dependence on the covariance operator of the prior Cy = 7(8)2C}.

Definition 4.2.2. For a given u' € X, the pair (u', uyé"“(‘s)) is consistent
in the reqularized frequentist bayesian sense, if as 6 — 0, Myé,a,f(a) converges

weakly to a Dirac measure on u', &-almost surely.

Posterior consistency is also of interest for the subjectivists, but in a dif-
ferent sense: after specifying a prior distribution, generate imaginary data,
compute the posterior and consider whether the posterior distribution is
an adequate representation of the updated prior [4]. In [4], Diaconis and
Friedman call this the "what if” method: what if the data came out that
way? We express this notion of posterior consistency through the following
test, [20]:

Fix y € Y and consider it as an observation of the inverse problem
(4.14). This y does not depend on 4, it is just an element of Y. We do not
assume that the observations come from our data likelihood model. Note
that in this case, the posterior distribution depends on ¢ only through its
appearance in the covariance operator of the data likelihood. Subjectivistic
posterior consistency tests examine the behaviour of the posterior distri-
bution, u¥?, as the noise in the data likelihood model disappears, that is

as the model becomes more and more accurate.

Various possibilities can be examined. Does the posterior distribution
converge weakly anywhere? If it does converge, does it converge to a Dirac
so that uncertainty disappears? If it does converge to a Dirac, is the Dirac
centered on a generalized inverse of y? Does the prior play any role in the
limit, or does the information from the data swamp the prior and make it

irrelevant in the limit?

In the particular problem considered in this thesis, since K is invertible

for the suitable choice of space Y, we would like to have that as § — 0, the
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posterior distribution converges to a Dirac distribution centered on K ~'y.

In [20, Chapter 2], posterior consistency for the finite dimensional case
is examined from a subjectivist’s point of view. As in Section 4.1, assume

that we have the finite-dimensional inverse problem
y= Ku
and consider the data likelihood model
y=Ku-+mn,

where v € R", y,n € RY, K is an ¢ x n matrix and n ~ N(0, B) where
B = §?By is a symmetric, positive definite matrix . Furthermore, suppose
we have the prior py = N(mg,Xg), where ¥y is symmetric and positive
definite. Then the posterior distribution is also Gaussian, p¥ = N (m,X)
where m and X are given by formulae (4.11) and (4.12) respectively.

Suppose y € R? is a fixed observation. We emphasize here that y is
just an element of RY, we are not assuming that it comes from our data

likelihood model. The following two theorems are proved:

Theorem 4.2.3. [20, Theorem 2.4] Assume that ¢ > n and that N (K) =
{0}. Then in the limit $* — 0

ILLy = 5uT

where u' is the solution of the least squares problem

u' = argmin Bo_%(y — Ku) i
ueR?

Note that since K is injective, u! is unique and is the best-approximate
solution as defined in Section 2.1, the only difference being the fact that
a weighted norm is used for the least squares approximation. For more
details on weighted best-approximate solutions refer to [5, Chapter 8, Sec-
tion 1].

As the above theorem states, in the overdetermined case, i.e. in the case
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where the observations are of higher dimension than the unknown param-
eter and there is no loss of information because of K, since K is injective,
as the noise disappears the posterior converges weakly to a Dirac measure
determined by K and the relative weights of the observational noise. As it
is highlighted in [20], "uncertainty disappears and the prior plays no role

in this limit”.

Assume now that ¢ < n and that rank(K) = g so that we may write
K= (K, 0)Q"

where Q € R™" is orthogonal, Q*Q) = I, K, € R?*? is invertible and

0 € R7*("=9) is the zero matrix. Let Ly = X5 and write

Lll L12

Q"'LoQ =
Lis Lo

where L, € quq,ng c R2*(n=a) and Loy € R(—a)x(n=9)  Both Ly, and
Loy are positive definite symmetric, because ¥ is.

If we write

Q=(Q1 Q)

with Q; € R?*? and @Q, € R™ (™9 then Q* projects onto a q-dimensional
subspace O and Q3 projects onto an (n — ¢)-dimensional subspace O+, the

orthogonal complement of O.

Define z € R? to be the unique solution of Kyz = y. Note that z is not
some kind of true solution. We are just inverting y in the directions that

we have the information to do so.

Define w € R? and v’ € R"~? via the equation
_ w
2o 'my = Q [ ,]
w

and set
d ==Ly Lisz + Lyyw' € R"4
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Theorem 4.2.4. [20, Theorem 2.5] In the small noise limit, 6* — 0,
=0, ®N(Z/, L2_21>7

where 6, @ N'(2', Ly, ) is viewed as a measure on O & O+,

Thus, in the underdetermined case where the observations are of lower
dimension than the unknown parameter but K has full rank, as the noise
disappears, the posterior converges weakly to a Dirac measure in the space
O where we have information and to a proper Gaussian measure in the
space O+ where we have no information. The Dirac is centered on the in-
verse of y in the directions where we have sufficient information to invert.
As it is stressed in [20], "the prior plays a role in the posterior measure
in the limit of zero observational noise” since the formulae for L,, and 2z’

contain Xy and my.

We are now going to examine posterior consistency for the Bayesian
version of the infinite dimensional problem that we have considered in the

previous chapters.

Suppose we have the inverse problem
y=A"u, (4.17)

where A is ”Laplacian-like” as defined in Section 1.2, £ > 0. Consider the
data likelihood model
y=A"u+n, (4.18a)

where n ~ N(0,C}) and C, = 62A7°, B > % This implies that ylu ~
N(A_ZU, Cl)

In addition, assume we have the prior
1
o =N(0,Cp), where Cp=7°A"% a> 3" (4.18b)

By Lemma 4.3.10(Appendix), we have that n € H*, s <  — % P-
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1

almost surely and that v € H*, s < a — 5 pg-almost surely, thus by

Lemma 1.2.2 A~ ‘u € H®, s < a+ 20 — %, Lo-almost surely.

These imply that y € H*, s < ¢ for pp-almost all © and P*—almost all
1, where ¢ := min {oz + 20 — %, 06— %} By the assumptions on «,  and ¢
we have that ¢ > 0, thus y € H almost surely. Therefore, the pair (u,y) is
jointly Gaussian in H x H, with Eu = 0 and Ey = 0 and has covariance

operator with components
CH = Euu* = Co,

CQQ — Eyy* — TQA—QZ—a +52A—57
Chy = Buy* = 72 A% = Eyu* =: Coy,

where the notation used is defined in Definition 4.3.1 in the Appendix and
the calculation is a direct application of the definition of the covariance op-

erator (Definition 4.3.2, Appendix) since u and 1 are mutually independent.

Using Theorem 4.3.9(Appendix), we have that uly ~ p¥ = N(m,C)

where:

m = 0120521y — 7_2/4*@70( (7_2‘/472@704 _|_ 52./475)*1 y

2 -1
— A—ﬁ-‘rﬁ (A—Qf-‘rﬂ + %AO‘) Y (419)

and
C = Oy — 01305 Cyy

— 2 p0 _ 2 ta (7'2,4*%*“ + 52Afﬁ)*1 2o

2 -1
=AY - PAT (I + 5—2A2‘+a—ﬁ) : (4.20)
T

Remark 4.2.5. Using the diagonalization of A, we can rewrite the posterior

mean as
—+8

— U
m:Z —2¢ : 5?2 ayk(bk’

=1 Mk Ty ZHg

which looks identical to the Tikhonov regularized approximation in Section
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3.1 (cf. Lemma 3.1.3)

) .

uj = arg min Inop(u).

However, since now we do not have that y € H”, unlike the deterministic
theory (cf. Remark 3.1.4), there is no guarantee that m € H*, P-almost
surely without additional assumptions (cf. Remark 4.2.7(i7)). Neverthe-

less, we do have that m € H, P-almost surely:

00 —204283

9 1%
[|m|]” = E : —40+283 52k —20+B+a | 54 My,%
1 My + 255y + Al

i) fao—20> 3, theny € H®, s< [ — %, P-almost surely and
Im|]* < e ul "y} < oo,
k=1

since f —a < 3 — 3.

i) fa—20 <, theny € H®, s < a+ 20 — %, P-almost surely and
Im|]* < e pifyi < oo,
k=1

since o > %, hence 20 < a + 20 — %

We first give a necessary and sufficient condition on « and 3 which,
using Feldman-Hayek Theorem (Theorem 4.3.7, Appendix), secures that
the posterior is a well defined Gaussian measure on H which is equivalent

to the prior.

Theorem 4.2.6. Suppose y € H*P~2¢. Then the posterior and the prior
distributions, N'(m,C) and N(0,Cy) respectively, are equivalent Gaussian
measures on 'H if and only if o > 3 — 20 + i.

Proof. Suppose a > (3 — 20+ Z—i, or equivalently f —a—2¢ < _i' We verify
that the three conditions of Feldman-Hayek hold:

1
i) We first need to show that the Cameron-Martin spaces R(Cy) and
R(C %) of the prior and the posterior respectively coincide. By Lemma
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4.3.8(Appendix), it suffices to show that there exist K7, Ky > 0 such
that
Kl <Z’, COI> < <.T,CI'> < K2 <.7)'7 CO‘I> ) Vo € H.

Fix x € ‘H. Then, using the diagonalization of A,
1
(z, Cx) Z%%T ZM el
72
oo §2 21-{—04 B o0
7'2 k) -2 2 —a .2
=T Z 52 24+a 5Nkz Ty =T Z - 2( 2:uk Ty
7'2 g, k=1 ,LL + 7'2

and
x C101‘ <Zx]¢]a7 Zﬂk xk¢k> =T Z:uk

Since § —a — 20 < —;11 < 0, by Assumption 1.2.1(iii), we have that
for some Ky > 0

5?2 5?2

G i Ko Yk € N
> > Ky, Vk €
—a—2of 2 = — 2 ) ’
iﬁ’ «a ;5—2 (C+1 )ﬂ a—2¢ i2

thus (z, Cz) > Kj (x, Cox) . Furthermore, since p; > 0 we have that

62

T2 <1
ﬁfaf%_i_ﬁ —
k T2

thus for K7 =1, (x,Cz) < K; (z,Cyz) .
1
Note that since R(C§) = H*, we have that the Cameron-Martin

space of both the prior and the posterior measure is £ = H®.

ii) We need to show that m € H*. Indeed,

0o 728+2ﬁ 00 a 204203
o 2B—a—2¢
=2 Z o Y= CZM
peyt

— ( 204 2 Mk) =

which is finite if and only if y € H2P—=2¢

1

1 1
iii) Finally, we need to verify that the operator T' = (C, 2C2)(C, *C

N

)=

2

Yk
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I is Hilbert-Schmidt. Since in our case Cy and C commute and are
both self-adjoint, we have that

2 -1
T:CO—IO_I:%ACV <T2A—a_T2A—o< (I+%A2€+a—ﬁ> >—I

52 -1 52 -1
—J - ([+ _2A2£+aﬁ> ] =— (I—l— _2A2€+aﬁ) _
T T

By the assumption we have 3 —a —2¢ < —7, therefore 43 —4a —8( <
—1, hence T is Hilbert-Schmidt since, by Assurnptlon 1.2.1(iii), its

eigenvalues are square summable

[e.o]

1 Y Ao
e D M 3

1+7'2'uk k=1

1 . 1
Conversely, suppose f — a — 2 > —7 or equivalently 2/ + o — 3 < 4.

It suffices to show that one of the three conditions of the Feldman-Hayek
Theorem fails. We show that the third condition fails, that is we show that
T is not Hilbert-Schmidt. Indeed, the sum of the squares of its eigenvalues

is
o

1
e ——
; ( 52 20+ 5)

L+ Sy

i) If 20 + a — f < 0 then by Assumption 1.2.1(iii), there exists ¢ > 0
such that Mzua_,g <e¢, Vk € N, thus

i — 0.

= T2C

ii) If 0 < 204+a—f3 < ; then by Assumption 1.2.1(iii), there exists ¢ > 0
such that 1 + z,ui“a f< quua f Vk e N, thus

[e.9] o0

g Z CZ Mz,@—Za—M Z CZ k4ﬂ—4o¢—8€ — 00

k=1 k=1

since by the assumption 405 — 4a — 8¢ > —1.
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Remark 4.2.7. In the last theorem we prove that if 20 +a — 3 < —}L, then

the posterior and the prior are not equivalent. We now try to interpret this.

In the following, we say that the posterior is smoother than the prior
(or vice-versa), if s; > sy where H*' is the best space in which we can
secure that draws from the posterior live in with probability 1 and H?®? is
the best space in which we can secure that draws from the prior live in

with probability 1

i) Suppose )\kCo are the eigenvalues of Cy and \{ the eigenvalues of C'. Then
the third condition of the Feldman-Hayek Theorem requires that

oo )\C 2
> ( o 1) < 00. (4.21)
k=1 )‘k

In our case

1
)\k =17’ e (1 - 1+ 52 2£+a6>
7z My,

and
)\CO =72 y
Note that .
0<1-— W <1,
therefore
0< ))\\T <1

This means that the prior is never smoother than the posterior and that
condition (4.21) can only fail if one of the following is true:
a) A k—oo

<% — 0, in which case the posterior is smoother,

Ak

b) O(XY) = O(\®°) but with different constants, so even though the

posterior and the prior are equally smooth, they are not equivalent.

If o < B —2¢, then

2 9 _
)\kC . 1 i_g k ta=p 52 2+a— k—oo 0
= 3 = oM )
)\go 1 T 52 Iu?@-&-oa ,6 1+ i_zuif—i-a 8 72
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thus the posterior is smoother than the prior.

If o =3 —2¢, then
oG

thus the posterior and the prior are equally smooth, but not equivalent.

If—20<a<fB—20+1 then

)\_kco_ - 1+ 52/L2€+a7,3 - L

72 Hk
In this case, even though the terms of the sum in (4.21) do converge to 0,
they do not converge fast enough to secure that the sum is finite, thus the

posterior and the prior are again equally smooth, but not equivalent.

ii) In Theorem 4.2.6 we assume that y € H?**7*72¢ which secures that
1

the posterior mean lives in the Cameron-Martin space £ = R(C}), i.e.

m € H®. It is interesting to check what happens to the posterior mean, m,

if we allow random y from the model (4.18a).

By Remark 4.2.5, we already now that m € H, always. If § —a —2( <

—%, ie. ifa>p—20+ %, then m € H* almost surely. Indeed,

—2+2B+a

[oe) (oo}

2 1% —20+423—

[Iml[;, = Z _zgﬁ_g 2 2yl?: < Czluk 2 Oéyl?:'
k=1 (:Uk + 7_2/%) k=1

Since y € H*, almost surely for s < ¢+ = min {a + 20 — %,ﬁ — %}, in order
to show that m € H* we need ¢+ > =20 + 20 — «, i.e.

1
a+2€—§>—2€+2ﬂ—a

and .
5-5>—2€+2ﬁ—0&

which are equivalent to

1
—a-9 _Z
0 —« (< 1
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and .

B—a—-20< —3
respectively. If a > — 26—1—% then both of the requirements are met and we
have that m € H* almost surely. So, in order to secure for random data
from the model (4.18a), that the prior and the posterior are equivalent
almost surely, we in fact need a stronger condition on « than the one

provided by the last theorem, i.e. we need

1
a>ﬂ—2€+§,

instead of @ > 3 — 2/ + }l.

It is also interesting, that we can only secure that m ¢ H® almost
surely, in only one special case, i.e. when o = [ — 2(. Indeed, since
n ~ N(0,62A7") we have that almost surely n ¢ H?, since draws from
a Gaussian measure in infinite dimensions do not lie in the corresponding

Cameron-Marin space. Therefore, almost surely y ¢ H” and we have that:

a) if a < B — 2¢, then

00 — 20428+«

2 L,
||m||a > —40128 yk = CZM%—H}( 2
=1 CHg

which we can secure that is infinite for 20 + o > .

b) if &« > 3 — 2¢, then

0 —2£+25+o¢

L
Il 2 3 et = CZM "
k=1 ke

which we can secure that is infinite for —2¢+4 23 —a > 3 since almost
surely y ¢ H”.

Thus we can only show that the posterior mean almost surely does not lie
in the Cameron-Martin space for @« = [ — 2¢. One might have expected
that for small values of a the posterior mean explodes, since for small val-

ues of «, as we have seen in (i) of this remark, the prior covariance does
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not dominate in the expression for the posterior covariance, which means
that the regularization is not helping. However, since by allowing « to get
smaller, we are also weakening the requirement that m € H®, this does not

happen except for one critical value o = 3 — 2/.

The fact that for large values of o we have that the posterior and the
prior are equivalent, even for random data from the model (4.18a), can
be explained by the fact that, as we have seen in (i) of this remark, for
large values of a the prior covariance dominates in the expression for the

posterior covariance.

Remark 4.2.8. When studying classical posterior consistency it is of interest
to know when the condition on y required for Theorem 4.2.6 holds. A
simple calculation shows that if 3 —a — 2/ < —% and 20 —a —4¢ < 0, then

the assumed measurements of the form
Y’ = At + 6¢,

where uf € H is fixed and & ~ N(0, A7), belong to the space H?/-a~%

&-almost surely.

Indeed, by Lemma 4.3.10(Appendix), since § — a — 2( < —% we have
that 20 —a — 20 < 5 — %, thus & € H?~2=2 £almost surely.

Furthermore, A~u’ € H?* by Lemma 1.2.2 and since 26 —a—4¢ < 0 we
have that 2¢ > 23 — a — 2/, thus A~‘u! € H?#~2=2¢. Hence, y € H?#—o—2¢

&-almost surely.

Note that the above two conditions are not mutually exclusive.

We now examine classical posterior consistency for the inverse problem
(4.17) and the data likelihood model (4.18).

Theorem 4.2.9. Suppose we have the inverse problem (4.17) with the data
likelihood model (4.18a) and prior (4.18b) and assume 3 — 20 > 3. Then,
the posterior measure p¥ = N (m,C), where m and C' are given by (4.19)

and (4.20) respectively, is consistent in the classical sense.
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Proof. Assume we have measurements of the problem (4.17) of the form
y' = At + o,

where & ~ N(0, A7) and vl € H is fixed. By Definition 4.2.1, we
need to show that &-almost surely uyé"s = Out, as 0 — 0. By Lemma
4.3.4(Appendix), it suffices to show that £-almost surely (m,x) — (uf, z)
and (Cz,x) — 0, Vx € H as 6 — 0.

Indeed, fix x € H.
Using the diagonalization of A, by (4.19) we have that

2 -1
(m,x) _ <Aé+ﬁ (A22+ﬂ + %Aa> y5,x>

—e+,8

- —20 2 ykxk
; i, +ﬂ + Sy

Define g, = (uf, ¢). Then y) = u ‘g + 6&, and

co 2448 o0 —t+
T ) T .
L, qrTy +Z Ky, gk k (Z)

<m7 :L’> =
205 | T T2 #k

=1 Mk Tzﬂk =1 Mk

Observe that Vk € N

—20+3 =20+

Ky, qrTk K, quk
< qrrr and lim
i —2045 | 82 o =0 y1y 2013 +

= kT,
since 7 is fixed, thus f—z — 0, as 0 — 0, where
o
> gy = (uf
k=1
since u', r € H. Hence, the first term in (i) converges to (u',z), as § — 0.

By Lemma 4.3.10(Appendix), we have that £ € H*® &-almost surely,
Vs < B — %, hence & € H?* ¢-almost surely, since 3 — % > 2(. The second
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term can be estimated as follows:

oy -
> SO Hikery
=1

B 2,0 —
k=1 2% 7 + 7—_2/‘?

where the sum is finite by Cauchy-Schwartz inequality, since & € H? ¢-
almost surely and z € H. Thus, as 0 — 0 the second term vanishes

&-almost surely.

For the convergence of the covariance operator, using (4.20) and the

diagonalization of A, we have

2 —1
Cz,z) = PA —PPA | T+ 6—./42“&*[3 T, T
< ) > 2 ’
T
_ - 720 22 (g 5_2 2l+a—p o 2
= oy, T g + 2 My, Ty
k=1

oo 1
2 —« 2
=T § My, (1 - 52 2€+aﬁ> L
T I+ ZSp

T2 Mk
By the Dominated Convergence Theorem the last sum vanishes as § — 0,
since the parenthesis on the one hand is uniformly bounded by 1 and on
the other hand Vi € N tends to 0 and since z € 'H, where a > % > 0, thus
xr € H™ ™ O

Remark 4.2.10. As it is mentioned in the proof, the condition 7 — 2¢ > %,
implies that ¢ € H?, {—almost surely. Since by the assumption uf € H
thus A~u’ € H*, we have that y° € H?. By Lemma 1.2.3 we know
that K1 = A’ is well defined and bounded in H?, which means that the
problem is well posed and no regularization was necessary (cf. Remark
3.1.2).

Theorem 4.2.11. Suppose we have the inverse problem (4.17) with the

data likelihood model (4.18a) and the prior (4.18b) and assume that 3—20 <

1
927

w’ = N(m,C), where m and C' are given by (4.19) and (4.20) respectively,

i.e. the inverse problem (4.17) is ill-posed. Then, the posterior measure
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18 consistent in the reqularized classical sense, provided

4]
— = — . 4.22
) 0 and 7(5)—0, as 06 —0 (4.22)

Proof. Assume we have measurements of the problem (4.17) of the form
Y’ = A + 8¢,

where ¢ ~ N(0,477) and u' € H is fixed. By Definition 4.2.2, we
need to show that £-almost surely uy67‘577(5) = 0,t, as 0 — 0. By Lemma
4.3.4(Appendix), it suffices to show that ¢-almost surely (m,x) — (u',x)
and (Cz,z) — 0, Ve € Has § — 0.

Indeed, fix x € 'H.

For the proof that £-almost surely (m,x) — (uf, z), as § — 0 it suffices

to show that &-almost surely Hm — uTH —0,as 6 — 0.

Define g, = (uf, ¢). Then y! = ;. ‘qx + 6&. and like in the proof of
Theorem 3.1.5 (for v = 0), by Remark 4.2.5 we have

oo —2048 48 2
7 Qi+ 0y 78
Hm_uTHZZZ< . 25+g+ k k_CIk> <

k=1 Hy, 72 'uk
i 202 2202 . Z 2‘54uio‘q;§
— M—4e+2,@ T T4Nk n 2i§M’:2e+ﬁ+a —4€+2B n 74,% T Q%M;%wm

The first term can be bounded by

52 —2Z+2ﬂ§]§

2 B—a g2

Z 252 20 Bta T Zﬂk Ei-
72 My k=1

The sum is finite £-almost surely, since by Lemma 4.3. 10(Appendix) we

have that £ € H®, s < 8 — 5 almost surely, where g — a < 3 — =, since

a > % Hence, as § — 0, the first term vanishes since by the assumptlon

we have that 7 — 0 as 6 — 0.
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The second term, for g — 0, vanishes by the Dominated Convergence

Theorem, since for each k£ € N

3 2a,2
25157, .
—4028 | 5t o 52 —20+Bta

k + S 25y

0

as é — 0 and for fixed g, since ug > 0, Vk € N we have

54 54
2% 17 q1 25150y 2
—40+2 4 82 —20+f+a = §i oq T “Hk
p O Gy 4 285, 0T T e

d

which is summable because u! € H. Thus, since by the assumption S — 0,

as 0 — 0, we have that the second term vanishes as 9 — 0.
Hence, we have shown that &-almost surely Hm — uT‘ ‘7 —0,as 6 — 0.

For the convergence of the covariance operator, like in the proof of

Theorem 4.2.9 we have

oo » 1
(Ca.z) =73 1, (1 (;z—ma_) “
k=1

L4 T3,

By the assumption we have that 7 — 0 as 6 — 0. Furthermore by the
Dominated Convergence Theorem the last sum vanishes as f—z — 0, since
the parenthesis on the one hand is uniformly bounded by 1 and on the
other hand Vk € N tends to 0 and since x € H, where a > % > 0, thus
x € 'H™®. Hence, since by the assumption f—i — 0, as 0 — 0, we have that
(Cx,x)y — 0asd — 0.

]

Remark 4.2.12.

i) The condition § — 2¢ < % does not secure that ¢ € H?, thus y° does not
necessarily live in H? where K~ is well defined and continuous, hence we
do need regularization. By the assumption § > %, we do have that ¢ € 'H,
thus at least y € 'H.

In the proof, we substantially use the assumption that o > %, which
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secures that the prior has full measure on H?*, for s < o — % and which
we can interpret as the requirement that the prior is indeed regularizing,
i.e. with probability 1, samples from it live in a space which is at least as
smooth as H. In the classical Tikhonov regularization theory, we had the
condition o > 0, (cf. Theorem 3.1.5), which again was interpreted as the
requirement that the penalty term in the Tikhonov functional is indeed

regularizing, so the connection is apparent.

ii) Note that condition (4.22) of the last theorem says that 7 — 0 in order
to obtain the convergence of the posterior to d,:. This condition on 7 seems
to be in conflict with the common understanding of the Bayesian approach,
where zero covariance in the prior means that the mean of the prior should
be taken as the true solution. To resolve this, note that compared to the

variance of the noise, the variance of the prior distribution does tend to
T
5
bution becomes non-informative since its uncertainty becomes larger than

infinity, £ — oo, since g — 0, therefore 7 >> O(9), i.e. the prior distri-

the uncertainty in the noise [13].

iii) The link between the Bayesian approach and the Classical approach is
apparent in the last proof: the proof of the convergence of the posterior
mean, m, to the true solution, uf, is almost identical with the proof of the
convergence of the Tikhonov regularized approximation, u3, to u! in Theo-
rem 3.1.5, for A\ = f—z and n, = 0. The only difference is the justification

of the steps, since we no longer have that & € H? like in the Classical case.

Remark 4.2.13. In both Theorem 4.2.9 and Theorem 4.2.11, it would make
sense to ask when the posterior, uy6, and the prior, ug, are equivalent. By
Theorem 4.2.6 and Remark 4.2.8, the conditions f — a — 20 < —% and

23 — a —4¢ < 0 secure that ,uy(S and p are equivalent ¢-almost surely.

We now examine subjectivistic posterior consistency.

Theorem 4.2.14. Fizy € H?**. Then

/Ly = (SAZy
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as 6 — 0.

Proof. By Lemma 4.3.4(Appendix), it suffices to show that (m, ) — (A%y, )
and (Cz,z) — 0, Vr € H as 6 — 0.

Indeed, fix x € 'H.
Using the diagonalization of A, by (4.19) we have that

2 —1
(m,x) = <A”ﬁ (A%w + %Aa) y,$>

—0+8

— 72£ ) aykl'k, Vilf E H
; 2 4 g

Since Vk € N

—0
Hi +ﬁykxk

2048 |, o2
k + =hy

—0+3
< it lim Lk Ik
> Yk, 550 ’u,24+ﬂ N 2 o HipYrTk
k 2 HE

Ju

and since

Z,uf;yka:k = (Ay, x) < o0
k=1

by Cauchy-Schwartz since y € H* and x € H, we have that (m,z) —
(Ay, z) as § — 0, by the Dominated Convergence Theorem.

For the convergence of the covariance operator, using (4.20) we have

52 -
(Czx,x) = <(T2A_“ — A (I + —2A2£+a_ﬂ) ) x, x>
T
- 2 —« 2 —« 52 20+a—p ! 2
= TR S — Ty 1+§uk Ty
k=1

. 1
2 — 2
=T § My, <1 - 52 2£+aﬁ) T
k=1 L+ Zp

T2k
which vanishes as § — 0, since the parenthesis goes to 0 and by the Domi-

nated Convergence Theorem since z € H and o > % > 0.
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]

In conclusion, we have shown that for a fixed y € H?¢, the posterior
does converge to a Dirac as the noise fades away, centered on the inverse
image of y. Uncertainty disappears and the prior does not play any role in

the small noise limit.

Remark 4.2.15. In the subjectivistic posterior consistency, we assume that
the data do not come from our data likelihood model. Nevertheless, it
also makes sense to assume that y comes from a space which secures the
equivalence of the posterior and the prior. In that case, in the last theorem,
by Theorem 4.2.6, we would need f—a—2¢ < —i and a modified condition
on y, in particular y € H® where ¢ = max {2,203 — o — 2(} .

4.3 Appendix

A concise, yet self-sustained, presentation of the tools from Probability and
Measure Theory used for the development of the theory of the Bayesian
Approach to Inverse Problems can be found in [20, Chapter 6]. We hereby
provide the particular tools used in this project, as can be found in [20,
Chapter 6].

In the following Z is a Hilbert space.

Definition 4.3.1. For any z1, 2o € Z we define the operator z; ® zo by the
identity
(21 ® 20)z = (29, 2)21, V2 € Z.

We use x to denote the adjoint of a linear operator between two Hilbert

spaces. In particular we may view z1, 2o € Z as linear operators from R to
Z and then

*
21 ® 29 = 2125.

Definition 4.3.2. A measure u on the Hilbert space Z has a mean, m € Z,

and covariance operator, C': Z — Z, given by

m:/zz,u(dz)
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and

(1. C20) = [ (1,2 = m) (s = m,a)udo)
respectively. For a random variable x ~ p,
m = E(x)
and
C=E(x—m)®(x—m).

Theorem 4.3.3. [20, Theorem 6.4] A Gaussian measure on (Z,B(Z)) has
a mean m and covariance operator C. Further, the characteristic function

of the measure is
. 1
o(z) = exp (z(z,m> — 5(2,02)) , Vz € Z.

Lemma 4.3.4. [20, Lemma 6.5] Consider a family of probability measures
w™ . Assume that, Vz € Z

o (2) = exp (i(z,m+> - %(z, C’+z)) |

Then p™ = N(m*,C*).

Definition 4.3.5. We define the Cameron-Martin space E associated with
a Gaussian measure i = N(0,C) on Z to be the intersection of all linear

spaces of full measure under .

Lemma 4.3.6. [20, Lemma 6.10] The Cameron-Martin space associated
to a Gaussian measure N'(0,C) on the Hilbert space (Z,{.,.)), is the Hilbert
space E = R(C?) with the inner product

Theorem 4.3.7. [20, Theorem 6.13]-Feldman Hayek Theorem Two Gaus-
sian measures ji; = N(m;, C;), i = 1,2 on a Hilbert space Z are either sin-
gular or equivalent. They are equivalent if and only if the following three

conditions hold:

(i) R(C?) = R(C}) = E,
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(’L’L) mp — Mo € E,
S RS U | —
(i) the operator T = (C, *C3)(C, *Cq)* — I is Hilbert-Schmidt in E.

Lemma 4.3.8. /20, Lemma 6.15] For any two positive definite, self-

adjoint, bounded linear operators C; on a Hilbert space Z, i = 1,2, the
1

condition R(C’lé) C R(C}) holds if and only if there exists a constant
k> 0 such that
(2,C12) < K(z,Cqz), Vz € Z.

Theorem 4.3.9. [20, Theorem 6.20] Let Z = Z, & Z5 be a separable
Hilbert space with projectors Il; : Z2 — Z;, i = 1,2. Let (21, 22) € 21 ® 25
be a Z-valued Gaussian random variable with mean m = (my,ms) and

positive definite covariance operator C. Define
Cij = E(zi —my) @ (2 — m;).
Then the conditional distribution of z1 given zo is Gaussian with mean
m' =my + C2Coy (22 — M)
and covariance operator
C' = Cyy — C12C5' Coy.

Lemma 4.3.10. [20, Lemma 6.27] Consider a Gaussian measure [ =
N(0, A™*), where A satisfies the Assumptions 1.2.1 (i) — (i) and o > 3.

Then u ~ p is in H® almost surely for any s < o — %

Theorem 4.3.11 (Bayes Formula). Let (u,y) € R™ x R? be a jointly dis-
tributed pair of random variables with Lebesque density p(u,y). Then the

infinitesimal version of Bayes Formula is

p(uly) o< p(y|u)p(uw).



Chapter 5
Conclusion

The purpose of this thesis has been to explore the Classical and the Bayesian
approach to Inverse Problems and to give some intuition on the connec-
tion of the Tikhonov Regularization method to the Bayesian approach to
inverse problems. We have tried to achieve the above task, using as our
guide the ”Laplacian-like” inverse problem, which enabled the simplifica-
tion of the calculations. We have proved convergence results in the classical
approach, provided convergence rates and then went on to prove posterior
consistency results in the Bayesian approach. The link has been apparent
in many instances, for example note the similarity of the proof of Theorem
3.1.5 with the proof of Theorem 4.2.11, or the fact that the posterior mean
m in the Bayesian approach to the ”Laplacian-like” problem (cf. Remark
4.2.5), is identical to the Tikhonov regularized approximation u$ for v = 0
(cf. Lemma 3.1.3) .

We hope that this work can serve as a foundation for our future explo-
ration of the field and that we will be able to get results in more general
cases by gradually erasing the assumptions which simplified the calcula-
tions here. The calculations in Chapter 3, which we believe are sharp, will

also provide useful guidance in these more general situations.

In this work, things were greatly simplified by the assumption that the
forward operator, K, is diagonalizable in the same eigenbasis as the oper-
ator A which induces the Hilbert Scale used and furthermore the fact that

K is a power of A. Moreover, the use of the same Hilbert Scale in both
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the least squares term and the penalty term, also simplified things. Note
that in the Bayesian approach this originated from the fact that we used
Gaussian prior, N (0, Cy) and Gaussian observational noise N/ (0, C}), with
covariance operators which can be related by scaling, since Cp = 724~
and C; = 6247,

A first attempt to erase the above assumptions has been made by An-
drew Stuart and Stig Larson (unpublished notes), who assume a weaker
connection between all the norms and the forward operator. In particu-
lar, instead of the scaling connection between the different norms as well
as between the operator inducing the norms with the forward operator,
a norm-equivalence relation between different weighted norms is assumed,
which also suggests a weaker relation between the forward operator and

the operators inducing the different weighted norms.

In Theorem 4.2.11 we have proved regularized frequentist bayesian pos-
terior consistency, i.e. we have proved that under sufficient conditions, if

we have data of the form
y' = Ku' + 8¢,

where & ~ N(0, A7%) and u' € H is the true solution, then as § — 0 the
posterior distribution N (m, C') weakly converges to a Dirac centered on the
true solution u', £&-almost surely. As it is well known, the weak convergence
of measures is metrized by the Prokhorov metric, [2]. We have devoted
a great effort for producing the convergence rates, in the classical case,
provided in Section 3.2 of this thesis, thus we hope that in the future we
will be able to use these rates to obtain convergence rates in the Prokhorov

metric, for the convergence proved in Theorem 4.2.11.

The Ky-Fan metric, [12], is a metric which measures distances be-
tween random variables from a probability space (2, F, P) to a metric
space (X, dyx), which quantifies the convergence in probability. In [14],
[19] and [13], the authors consider as (X, dx) the metric space of all the
random measures with the Prokhorov metric and calculate convergence

rates in the Ky-Fan metric for the convergence of the random variable p¥
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to the constant random variable d,,+.

In Theorem 4.2.6, in order to secure the well definiteness of the poste-
rior, we had to restrict the space were y lives. In [8], Florens and Simoni use
similar techniques as those we employ here, to prove frequentist posterior
consistency results for bounded linear forward operators. In [7], Florens
and Simoni argue against the restriction of the space where the data are
assumed to live, since the actual data may not satisfy this assumption and
they proceed to suggest a method of regularizing the posterior covariance

operator, in order to secure the well definiteness of the posterior.

Finally, in the results presented in this thesis, we make a substantial
use of Gaussianity. Particularly, in Theorem 4.2.6 where we give necessary
and sufficient conditions for the equivalence of the prior and the posterior
measure, the use of Theorem 4.3.7 relies on the Gaussianity of both the
prior and the noise. If we try to use the abstract theory, presented in [20],

to obtain the same result, formally we would get that

%
dpo

1 1
() o exp (= 1Rl + o )

= exp(=P(u, ).

Then, by [20, Theorem 4.1}, in order to have that the posterior is well
defined, we would need to show that ® is Lipschitz-continuous with respect
to u, on some space X and then choose a prior pg, such that po(X) = 1.
Since ®(u,y) is finite if and only if u € H?*, we would need the prior
o = N(0,7247%) to charge H”~2* with full measure. By Lemma 4.3.10,

this is secured for § — 20 < o — % thus we have the condition

1
Oé>ﬁ—2£+§,

which is stronger than the condition

1
a>ﬁ—2€+1

obtained in Theorem 4.2.6.
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Note that in Remark 4.2.7(ii), we show that if we assume y to come
from the data likelihood model (4.18a), then we need a stronger condition
a>0—20+ % which seems to agree with the abstract theory. However,
since in the abstract theory y is assumed to live in some fixed Hilbert space

Y, we still have a difference in the requirements of the two theories.

This observation, might suggest that the approach taken in the non-

Gaussian case, [20, Chapter 4], based on the continuity of @, is too strong.



Bibliography

1]

8]

James O. Berger, Statistical decision theory and Bayesian analysis,
Springer Series in Statistics, Springer-Verlag, New York, 1993, Cor-
rected reprint of the second (1985) edition. MR 1234489 (94j:62002)

Patrick Billingsley, Convergence of probability measures, second ed.,
Wiley Series in Probability and Statistics: Probability and Statistics,
John Wiley & Sons Inc., New York, 1999, A Wiley-Interscience Pub-
lication. MR, 1700749 (2000e:60008)

Robert Dautray and Jacques-Louis Lions, Mathematical analysis and
numerical methods for science and technology. Vol. 3, Springer-Verlag,
Berlin, 1990, Spectral theory and applications, With the collaboration
of Michel Artola and Michel Cessenat, Translated from the French by
John C. Amson. MR 1064315 (91h:00004a)

Persi Diaconis and David Freedman, On the consistency of Bayes es-
timates, Ann. Statist. 14 (1986), no. 1, 1-67, With a discussion and a
rejoinder by the authors. MR 829555 (88e:62016a)

Heinz W. Engl, Martin Hanke, and Andreas Neubauer, Requlariza-
tion of inverse problems, Mathematics and its Applications, vol. 375,
Kluwer Academic Publishers Group, Dordrecht, 1996. MR 1408680
(97k:65145)

Ben G. Fitzpatrick, Bayestan analysis in inverse problems, Inverse
Problems 7 (1991), no. 5, 675-702. MR 1128635 (92h:62049)

Jean-Pierre Florens and Anna Simoni, Regularized posteriors in linear

ill-posed inverse problems, Preprint (2008).

, Regularizing priors for linear inverse problems, Preprint

(2010).

107



108

[9]

[10]

[11]

[12]

[13]

[15]

[17]

[18]

BIBLIOGRAPHY

Markus Hegland, An optimal order regqularization method which does
not use additional smoothness assumptions, SIAM J. Numer. Anal. 29

(1992), no. 5, 1446-1461. MR 1182739 (93j:65090)

Erhard Heinz, Beitrage zur Storungstheorie der Spektralzerlegung,
Math. Ann. 123 (1951), 415-438. MR 0044747 (13,471f)

Edwin Hewitt and Karl Stromberg, Real and abstract analysis. A mod-
ern treatment of the theory of functions of a real variable, Springer-

Verlag, New York, 1965. MR 0188387 (32 #5326)

Andreas Hofinger, The metrics of Prokhorov and Ky Fan for assess-
ing uncertainty in inverse problems, Osterreich. Akad. Wiss. Math.-
Natur. KI. Sitzungsber. II 215 (2006), 107-125 (2007). MR 2373930
(2008k:60012)

Andreas Hofinger and Hanna K. Pikkarainen, Convergence rate for
the Bayesian approach to linear inverse problems, Inverse Problems

23 (2007), no. 6, 2469-2484. MR, 2441014 (2010d:65016)

, Convergence rates for linear inverse problems in the presence
of an additive normal noise, Stoch. Anal. Appl. 27 (2009), no. 2, 240—
257. MR 2503292

Jari Kaipio and Erkki Somersalo, Statistical and computational inverse
problems, Applied Mathematical Sciences, vol. 160, Springer-Verlag,
New York, 2005. MR 2102218 (2005g:65001)

Andreas Kirsch, An introduction to the mathematical theory of inverse
problems, Applied Mathematical Sciences, vol. 120, Springer-Verlag,
New York, 1996. MR 1479408 (99¢:34023)

M. Thamban Nair, Markus Hegland, and Robert S. Anderssen, The
trade-off between reqularity and stability in Tikhonov regqularization,
Math. Comp. 66 (1997), no. 217, 193-206. MR 1388891 (98a:65081)

Frank Natterer, Frror bounds for Tikhonov reqularization in Hilbert
scales, Applicable Anal. 18 (1984), no. 1-2, 29-37. MR 762862
(86e:65081)



BIBLIOGRAPHY 109

[19]

[20]

[21]

[22]

A. Neubauer and H. K. Pikkarainen, Convergence results for the
Bayesian inversion theory, J. Inverse Ill-Posed Probl. 16 (2008), no. 6,
601-613. MR 2458288 (2010c¢:60011)

A. M. Stuart, Inverse problems: a Bayesian perspective, Acta Numer.

19 (2010), 451-559. MR 2652785

A. N. Tikhonov, On the solution of incorrectly put problems and
the regularisation method, Outlines Joint Sympos. Partial Differen-
tial Equations (Novosibirsk, 1963), Acad. Sci. USSR Siberian Branch,
Moscow, 1963, pp. 261-265. MR 0211218 (35 #2100)

Curtis R. Vogel, Computational methods for inverse problems, Fron-
tiers in Applied Mathematics, vol. 23, Society for Industrial and Ap-
plied Mathematics (STAM), Philadelphia, PA, 2002, With a foreword
by H. T. Banks. MR 1928831 (2003i:65004)



