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Bayesian Inverse Problems

(X , ⟨·, ·⟩, ∥·∥) separable Hilbert space.

Probabilistic approach to problem of recovering u from noisy, indirect observations, y .

Likelihood: distribution of y |u.
Prior: u ∼ µ0, encoding prior beliefs.

Posterior: u|y ∼ µy , object of interest.

Link: Bayes’ theorem

P(u|y) ∝ P(y |u)P(u)
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Frequentist Posterior Consistency

Here prior µ0 = N (0, τ 2C0). Assume posterior is Gaussian µy = N (m, C).

Consider data y † produced from an underlying truth u†.

Posterior Consistency: as more data become available, can we recover the truth?

y † = y †(ϵ) and µy = µy(ϵ), ϵ → 0 models improvement in the data (and model).

AIM: Show µy †(ϵ) → δu†, as ϵ → 0 for appropriate choice τ = τ (ϵ).
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Frequentist Posterior Consistency
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Gaussian Measures in Separable Hilbert Spaces

N (m, C) in X

mean m ∈ X ;

covariance C selfadjoint trace class linear operator in X , eigenpairs {ϕk, λk}k∈N.

Karhunen-Loeve expansion: u ∼ N (m, C)

u = m +
∞∑
k=1

√
λkξkϕk,

{ξk}k∈N i.i.d. N (0, 1) in R.

Decay of λk determines regularity of u.
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Linear Inverse Problem

A : D(A) ⊂ X → X selfadjoint positive definite linear operator with bounded inverse.

Find u from noisy observation of A−1u, y .

Model:

y = A−1u +
1√
n
ξ,

Interested in small noise limit, n → ∞.

Naive approach u ≈ Ay , ξ is rough, need to regularize.
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Linear Inverse Problem - Deterministic Approach

Tikhonov-Phillips Regularization: u approximated by minimizer of

J(u) :=
1

2

∥∥∥C−1
2

1 (y −A−1u)
∥∥∥2 + λ

2

∥∥∥C−1
2

0 u
∥∥∥2 ,

Ci : X → X , self-adjoint, possibly compact, positive definite linear operators.

λ regularization parameter, function of noise level n−
1
2 going to zero as n → ∞ to

recover unknown u.



Introduction Linear Inverse Problem Nonparametric Drift Estimation in SDEs Abstract Theory - Conclusions

Linear Inverse Problem - Bayesian Approach

Assume ξ ∼ N (0, C1), C1 : X → X selfadjoint positive definite.

Likelihood: y |u ∼ N (A−1u, 1nC1).

Prior: u ∼ N (0, τ 2C0), C0 : X → X selfadjoint positive definite trace class.

Posterior distribution on u|y , µy .
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Linear Inverse Problem - Assumptions

Hilbert Scale (X s)s∈R, for X
s = D(C− s

2
0 ) with ⟨u, v⟩s = ⟨C− s

2
0 u, C− s

2
0 v⟩.

Assumptions

∃s0 ∈ [0, 1) s.t. Tr (Cs
0) < ∞ ∀s > s0;

C1 ≃ Cβ
0 , β ≥ 0;

A−1 ≃ Cℓ
0, ℓ ≥ 0.

∆ := 1 + 2ℓ− β > 2s0. For simplicity 2ℓ− β ≥ 0.
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Linear Inverse Problem - Posterior Identification

Theorem (A., Larsson, Stuart 12)

dµy

dµ0
(u) =

1

Z (y)
exp (−Φn(u; y))

where

Φn(u; y) =
n

2

∥∥∥C−1
2

1 (y −A−1u)
∥∥∥2 − n

2

∥∥∥C−1
2

1 y
∥∥∥2︸ ︷︷ ︸ .

In particular, µy = N (m, 1nB
−1
λ )

Bλ = A−1C−1
1 A−1 + λC−1

0

Bλm = A−1C−1
1 y ,

λ = 1
nτ 2 regularization parameter.

(Lax Milgram)
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Linear Inverse Problem - Posterior Consistency

Consider

y † = A−1u† +
1√
n
ξ,

u† ∈ X γ fixed true solution, γ a priori known.

Posterior µy=y † = N (m†, 1nB
−1
λ ).

AIM: Find optimal rate = rate(γ), such that, as n → ∞,

E
∥∥m† − u†

∥∥2 + Tr (
1
n
B−1
λ ) = O(n−rate).
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Linear Inverse Problem - Error Equation

Mean

Bλm
† = A−1C−1

1 A−1u†︸ ︷︷ ︸+ 1√
n
A−1C−1

1 ξ.

Truth
Bλu

† = A−1C−1
1 A−1u†︸ ︷︷ ︸+λC−1

0 u†.

Error e = m† − u†

e = B−1
λ

(
1√
n
A−1C−1

1 ξ − λC−1
0 u†

)
.
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Linear Inverse Problem - Error Analysis

Lemma (A., Larsson, Stuart 12)

For η = (1− θ)(β − 2ℓ) + θ, θ ∈ [0, 1]∥∥B−1
λ

∥∥
L(X−η,X )

= O(λ−c),

c = c(θ, β − 2ℓ) ∈ (0, 1), increasing in θ.

For ηi = (1− θi)(β − 2ℓ) + θi , where θi ∈ [0, 1] sufficiently large,

E
∥∥∥∥ 1√

n
A−1C−1

1 ξ

∥∥∥∥
−η1

= O(n−
1
2)

and ∥∥λC−1
0 u†

∥∥
−η2

= O(λ).

E ∥e∥ = O(λ−c1n−
1
2) + O(λ1−c2).
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Linear Inverse Problem - Convergence

Choose λ = λ(n) (hence τ = τ (n)) optimally.

Tr (1
nB

−1
λ ) bounded by noise term.

Theorem (A., Larsson, Stuart 12)

Assume u† ∈ X γ, γ ≥ 1. For appropriate choice of λ = λ(n) → 0 we have as n → ∞

rate =


γ

2(∆+γ−1+s0+δ), if γ ∈ [1,∆+ 1]

∆+1
2(2∆+s0+δ), if γ > ∆+ 1,

δ > 0 arbitrarily small.
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Linear Inverse Problem - Optimality, Diagonal Case
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Figure: blue=diagonal analysis and green=our more general analysis for C−1
0 = − d2

dx2 , β = ℓ = 1
2, so that

s0 =
1
2, ∆ = 3

2 and rate = γ
2+2γ+δ , γ ∈ [1, 2.5].



Introduction Linear Inverse Problem Nonparametric Drift Estimation in SDEs Abstract Theory - Conclusions

Linear Inverse Problem - Posterior Consistency
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Nonparametric Drift Estimation in SDEs

Consider the SDE

dYt = u(Yt)dt + dWt, Y0 = 0,

where u ∈ Ċ 1(T), T = [0, 1) periodic.

Find drift u from observation Y = {Yt}t∈[0,T ].

Interested in the long observation time limit, T → ∞.



Introduction Linear Inverse Problem Nonparametric Drift Estimation in SDEs Abstract Theory - Conclusions

Nonparametric Drift Estimation in SDEs - Intuition

Work with periodized version of Y , also denoted Y .

For t → ∞, Yt reaches equilibrium in form of invariant distribution with density

ρ(x) = c exp

(
2

∫ x

0

u(y)dy

)
, x ∈ [0, 1].

Can recover u from ρ

u =
ρ′

2ρ
.
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Nonparametric Drift Estimation in SDEs - Local Time

Local time LT (x ;Y ) measures time that Y spends around x

LT (x ;Y ) = lim
ε→0

1

2ε

∫ T

0

1{Ys ∈ (x − ε, x + ε)}ds.

Would like to write

”u ≈ L′T
2LT

”,

but LT not differentiable.
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Nonparametric Drift Estimation in SDEs - Intuition

Lemma (Van Zanten 12)

For every α < 1/2 ∥∥∥∥ 1T LT (·;Y )− ρ

∥∥∥∥
Hα

= OP(
1√
T
),

as T → ∞.

i.e. u ≈ L′T (.;Y )
2LT (.;Y ) but in weak spaces, regularize.
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Drift Estimation in SDEs - Bayesian Approach

Likelihood: law of Y |u (Girsanov)

dPT
u

dPT
0

(Y ) = exp (−ΦT (u;Y )) ,

ΦT (u;Y ) =
1

2

∫ 1

0

(
LT (x ;Y )(u2(x) + u′(x))− 2χT (x ;Y )u(x)

)
dx

=
1

2

∫ 1

0

(
LT (x ;Y )u2(x)− 2(χT (x ;Y ) +

L′T (x ;Y )

2
)u(x)

)
dx
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Drift Estimation in SDEs - Bayesian Approach

Prior: u ∼ N (0, τ 2C0),

C−1
0 =

(
− d2

dx2

)p

+ I ,

p ∈ 2, 3, ...; p ≥ 2 secures u ∈ Ċ 1(T) a.s. (Gaussianity).

Joint distribution of Y and u in general non-Gaussian.

Posterior: u|Y ∼ µY Gaussian.
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Drift Estimation in SDEs - Posterior Identification

Theorem (Pokern, Stuart, Van Zanten 12)

dµY

dµ0
(u) =

1

Z (Y )
exp(−ΦT (u;Y )).

In particular, µy = N (m, 1
TB

−1
λ )

Bλ = Bλ(Y ,T ) =
LT (·;Y )

T
I + λC−1

0

Bλm =
1

2

LT (·;Y )′

T
+

χT (·;Y )

T
λ = 1

τ 2T regularization parameter.

(Lax Milgram)
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Drift Estimation in SDEs - Posterior Consistency

Consider Y † = {Y †
t }t∈[0,T ] where

dY †
t = u†(Y †

t )dt + dWt

u† ∈ Hγ fixed true drift, γ a priori known.

Posterior µY=Y †
= N (m†, 1

TB
−1
λ ), where Bλ = Bλ(Y

†).

AIM: Find optimal rate = rate(γ), such that, as T → ∞,∥∥m† − u†
∥∥2 + Tr (

1
T
B−1
λ ) = OP(T−rate).
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Nonparametric Drift Estimation in SDEs - Example
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Drift Estimation in SDEs - Error Equation

Error e = m† − u†

e = B−1
λ

(
1

2

(
LT (·;Y †)

T
− ρ†

)′

− λC−1
0 u† −

(
LT (·;Y †)

T
− ρ†

)
u† +

χT (·;Y †)

T

)
.

As λ → 0,
∥∥B−1

λ

∥∥
L(H−θ,H)

= OP(λ
−θ

2), θ ∈ [0, 1].

As λ → 0 and T → ∞, terms in parenthesis go to zero in different sufficiently weak
spaces.

Choose λ = λ(T ) (hence τ = τ (T )) optimally.
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Drift Estimation in SDEs - Convergence

Theorem (Pokern, Stuart, Van Zanten 12; slightly improved by A., Stuart, Zhang)

Assume u† ∈ Hγ, γ ≥ p. For appropriate choice λ = λ(T ) → 0 we have as T → ∞

rate =


γ

1+2γ+δ, if γ ∈ [p, 2p]

2p
1+4p+δ, if γ > 2p,

δ > 0 arbitrarily small.
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Drift Estimation in SDEs - Convergence
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Figure: contraction for C−1
0 = (− d2

dx2)
2 + I so that rate = γ

1+2γ+δ , γ ∈ [2, 4].
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Drift Estimation in SDEs - Molecular Dynamics Example
Nonparametric estimation of diffusions 15
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Fig. 2. Molecular dynamics example. (a) Time series of butane dihedral angle. (b) Histogram of the
dihedral angle time series. (c) The dihedral angle of the molecule. (d) Posterior mean drift (solid black

line) and one standard deviation posterior credible region (shaded in grey).

of Aı̈t-Sahalia (1996) suggests a stronger restoring effect near zero than can be fitted using a
linear drift and the need for a more flexible drift function. Hence, we also consider a semi-
parametric model with the same diffusion coefficient as the Cox–Ingersoll–Ross model but a
nonparametric drift; see also § 7·2.

The parametric model is estimated using the Roberts & Stramer (2001) algorithm, albeit
with a slightly different parameterization. After the transformation (11), the drift becomes
α(x; θ)= [{(2a/θ2)− 1/2}]x−1 + bx/2. We choose a time unit 1 u = 50·7d ≈ 4·38 × 106 s
such that the mean-field maximum likelihood estimate of θ is 1 (%/u)1/2 with details given in
the Supplementary Material. We choose independent Gaussian priors for γ1 = 2a/θ2 − 1/2 and
γ2 = b/2 with means 0 and 0 u−1 and variances 500 and 500 u−2, respectively, and an inverse
Gamma prior for θ with parameters {2, 1(%/u)1/2}. While this prior gives positive probability to
drifts that render the process transient, this is of no concern as the data are informative enough
to rule out these parameter combinations.

For the nonparametric model, we employ the same prior for the diffusivity and impose a
Gaussian prior on the drift α(·) in (12). The Gaussian prior is taken to have the form (7) with prior
mean m0 ≡ 0 u−1/2 and k = 2 with hyperparameters η and λ fixed at η= 0·5 u5/2 and λ= 0 u−1/2.
We use the nonperiodic boundary conditions discussed in § 4·3 with mean-zero on both sides and
variance σ 2 = 100 u−1.

We use N = 100 Hermite finite elements where the basis functions are piecewise third-order
polynomials setting boundaries q = (2 mini Vi )

1/2 and r = 2(2 maxi Vi )
1/2. We run 2500 itera-

tions of the deterministic scan Gibbs sampler where the first 10 iterations have been discarded
as burn-in; trace plots and histograms are given in Fig. 3. The Markov chain mixes well and the

 at Peking U
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Figure: O. Papasiliopoulos, Y. Pokern, G. O. Roberts, A. M. Stuart (2012), Nonparametric estimation of
diffusions: a differential equations approach, Biometrika.
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Abstract Theory

Prior: µ0 = N (0, τ 2C0), C0 selfadjoint positive definite trace class in X .

X s Hilbert scale induced by C−1
2

0 .

Posterior: assume

dµy

dµ0
(u) =

1

Z (y)
exp (−Φϵ(u; y))

Φϵ(u; y) =
1

2ϵ
⟨u,Q(y ; ϵ)u⟩ − 1

ϵ
⟨u, r(y ; ϵ)⟩

Interested in ϵ → 0 modelling improvement in data.
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Abstract Theory - Posterior Identification

Theorem
Posterior is Gaussian, µy = N (m, ϵB−1

λ )

Bλ = Bλ(y , ϵ) = Q(y ; ϵ) + λC−1
0

Bλm = r(y ; ϵ),

λ = ϵ
τ 2 regularization parameter.
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Abstract Theory - Posterior Identification Sketch Proof

Radon-Nikodym derivative dµy

dµ0
gives existence of posterior;

finite dimensional approximation of posterior in Karhunen-Loeve basis of prior

dµN ,y

dµ0
(u) =

1

ZN(y)
exp
(
−Φϵ(P

Nu; y)
)
;

approximation is Gaussian and converges weakly to posterior;

Gaussian family closed under weak convergence, hence posterior Gaussian. Justify
equations for mean and covariance by showing that mean and covariance of the
approximation converge to m and ϵB−1

λ .
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Abstract Theory - Meta Theorem

Consider data y † = y †(ϵ) produced from underlying truth u† ∈ X γ.

Assume r(y †; ϵ) ≈ r̂ and Q(y †; ϵ) ≈ Q̂, where u† = Q̂−1r̂ .

µy=y † = N (m†, ϵB−1
λ ), where Bλ = Bλ(y

†).

Theorem
Find and optimize rate=rate(γ) such that as ϵ → 0,∥∥m† − u†

∥∥2 + Tr (ϵB−1
λ ) = O(ϵrate),

in some probabilistic sense since y † random.
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Abstract Theory - Method Overview

Error e = m† − u† satisfies (Lax-Milgram in X 1)

e = B−1
λ

(
(r̂ − r(y †; ϵ)) + (Q(y †; ϵ)− Q̂)u† + λC−1

0 u†
)
.

Rate of convergence determined by γ and

-
∥∥r̂ − r(y †; ϵ)

∥∥
−α

= O(ϵa) as ϵ → 0;

-
∥∥∥Q̂ − Q(y †; ϵ)

∥∥∥
op

= O(ϵb) as ϵ → 0;

-
∥∥B−1

λ

∥∥
op

= O(λ−c) as λ → 0.

Tr (ϵB−1
λ ) often dominated by terms arising in

∥∥m† − u†
∥∥2.

Rate optimized by choosing λ = λ(ϵ) (inducing choice τ = τ (ϵ)).
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Abstract Theory - Method Overview

Assume

⟨Q(y ; ϵ)e, e⟩ ≥ c ∥e∥σ , σ ≤ 0,

possibly probabilistic statement.

Lemma

For η = (1− θ)σ + θ, θ ∈ [0, 1]∥∥B−1
λ

∥∥
L(X−η,X )

≤ λ−θ
2+

σ
2(1−σ)
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Abstract Theory - PDE Method Sketch Proof

Solve Bλe = w weakly in X 1

Let w ∈ X−η, unique weak solution e

⟨Bλe, e⟩ = ⟨w , e⟩

By assumption, interpolation, Cauchy with δ, Young’s inequality

∥e∥2σ + λ ∥e∥21 ≤ ∥w∥−η ∥e∥η

≤ λ−θ
2 ∥w∥−η ∥e∥

1−θ
σ (λ

1
2 ∥e∥1)

θ

≤ c

2δ
(λ−θ ∥w∥2−η) +

cδ

2

(
∥e∥2(1−θ)

σ (λ
1
2 ∥e∥1)

2θ
)

≤ c

2δ
(λ−θ ∥w∥2−η) +

cδ

2

(
(1− θ) ∥e∥2σ + θλ ∥e∥21

)
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Abstract Theory - PDE Method Sketch Proof

Choose δ > 0 small
∥e∥2σ ≤ cλ−θ ∥w∥2−η

∥e∥21 ≤ cλ−θ−1 ∥w∥2−η .

Interpolation gives
∥e∥2 ≤ cλ−θ+ σ

1−σ ∥w∥2−η

or ∥∥B−1
λ w

∥∥ ≤ cλ−θ
2+

σ
2(1−σ) ∥w∥−η .
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Conclusions - Further Work

We have

- formulated two inverse problems in Bayesian framework with Gaussian priors;

- shown posterior is Gaussian, worked with precision operators;

- examined posterior consistency;

- highlighted common structure and proposed abstract theory.

Future work

- more examples;

- data driven choice of hyperparameters;

- ...
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